SCHUBERT CALCULUS ON THE GRASSMANNIAN OF HERMITIAN 

LAGRANGIAN SPACES 



LIVIU I. NICOLAESCU 

Abstract. We describe a Schubert like stratification on the Grassmannian of hermitian 
lagrangian spaces in C" © C" which is a natural compactification of the space of hermitian 
n X n matrices. The closures of the strata define integral cycles and we investigate their 
intersection theoretic properties. The methods employed are Morse theoretic. 
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Introduction 

A hermitian lagrangian subspace is a subspace L of the complex Hermitian vector space 
= C" e satisfying 

= JL, 

where J : C" © C" — > C" © C" is the unitary operator with the block decomposition 

-Ic" 
Ic" 

We denote by Lagh(ra) the Grassmannian of such subspaces. This space can be identified 
with a more familiar space. 

Denote by C C^" the ±i eigenspace of J, 

F± = {(e,Tie); e e C",}. 

Arnold has shown in [2j that L C C^" is a hermitian lagrangian subspace if and only if, when 
viewed as a subspace of F"*" © F~ , it is the graph of a unitary operator — > F~ . Thus we 
have a natural diffeomorphism U{n) — > Lagh(n.). 
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The unitary groups are some of the most investigated topological spaces and much is known 
about their cohomology rings (see [TS] Chap. IV], [371 VII. 4, VIII.9]), and one could fairly ask 
what else is there to say about these spaces. To answer this, we need to briefly explain the 
question which gave the impetus for the investigations in this paper. 

As is well known U (oo) is a classifying space for the functor K^, and its integral cohomology 
is an exterior algebra A{xi,X2, ■ ■ ■), where degXi = 2i — l. If X is a compact, oriented smooth 
manifold, dimX = n, then the results of Atiyah and Singer [3] imply that any smooth family 
{Ax)x(^x Fredholm selfadjoint operators defines a smooth map3 A : X ^ U{oo). We thus 
obtain cohomology classes A*Xi G H'^^^^ {X , Z,) . 

We are interested in geometric localization formulae, i.e., in describing concrete geometric 
realizations of cycles representing the Poincare duals of these classes. Some of the most 
interesting situations arise when X is an odd dimensional sphere X = S'^'^~^. In this case, 
the Poincare dual of A* O-dimensional homology class, and we would like to produce 

an explicit 0-cycle representing it. 

For example, in the lowest dimensional case, X = S^, we have such a geometric realization 
because the integer J^i A*xi is the spectral flow of the loop of selfadjoint operators, and as is 
well known, in generic cases, this can be computed by counting with appropriate multiplicities 
the points 9 G where ker Ag = 0. Thus, the Poincare dual of A*xi is represented by a 
certain O-dimensional degeneracy locus. 

The graph of a selfadjoint Fredholm operator A : H ^ H, H complex Hilbert space, defines 
a hermitian lagrangian in the hermitian symplectic space H (B H, and we could view a 
loop of such operators as a loop in Lagh(oo). Adopting this point of view, we can interpret 
the integer f^i A* Maslov index, and using the techniques developed by Arnold in [1] 

one can explicitly describe a 0-cycle dual to the class A*xi, [27]. 

To the best of our knowledge there are no such degeneracy loci descriptions of the Poincare 
dual of A*Xm in the higher dimensional cases A : S'^"^~^ [/(oo), m > 1, and the existing 
descriptions of the cohomology ring of U{n) do not seem to help in this respect. 

With an eye towards such applications, we describe in this paper a natural, Schubert like, 
Whitney regular, stratification of Lagh(n) and its intersection theoretic properties. 

As in the case of usual Grassmannians, this stratification has a Morse theoretic description. 
We denote by (cj) the canonical unitary basis of C", and we define the Hermitian operator 
A : C" ^ C" by setting 

Aei = [i — -]ei, Vi = l,...,n. 



The operator A defines a function 

2 

n 

f = fA. U{n) ^ M, f{S) = -Ketr{AS) + —. 

This is a Morse function with one critical point 5/ E U{n) for every subset / C {1, . . . ,n}. 
More precisely 

jci i € I 
l^-Ci i^I. 

Its Morse index is ind(5'7) = f{Si) = X]ie/'=(^^ ~ -'-)' "where I"^ denotes the complement of / 
in {1, 2, . . . , n}. In particular, this function is self-indexing. 

We denote by the stable/unstable manifold of Sj. These unstable manifolds are loci 
of certain Schubert-like incidence relations and they can be identified with the orbits of a real 



SiCi 



^We will not elaborate here on the precise meaning of smoothness of (/(oo) 
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algebraic group acting on Lagh(n) so that, according to [23j, the stratification given by these 
unstable manifolds satisfies the Whitney regularity condition. In particular, this implies that 
our gradient flow satisfies the Morse-Smale transversality condition. We can thus define the 
Morse-Floer complex, and it turns out that the boundary operator of this complex is trivial. 
The ideas outlined so far are classical, going back to the pioneering work of Pontryagin [32], 
and we recommend pTl] for a nice presentation. 

Given that the Morse-Floer complex is perfect it is natural to ask if the unstable manifolds 
Wf define geometric cycles in any reasonable way, and if so, investigate their intersection 
theory. M. Goresky [15] has explained how to associate cycles to Whitney stratified objects 
but this approach seems difficult to use in concrete computations. 

Another approach, essentially used by Vasiliev [35j is to produce resolutions of Wf , i.e., 
smooth maps / : Xj Lagh(ra), where Xj is a compact oriented manifold, f{Xj) = cl{Wf), 
and / is a diffeomorphism over the smooth part of cl{Wf). As explained in [35], this approach 
reduces the computation of the intersection cycles f*[Xj]»f^,[Xj] to classical Schubert calculus 
on Grassmannians, but the combinatorial complexity seemed very discouraging to this author. 

Instead, we chose the most obvious approach, and we looked at the integration currents 
defined by the semialgebraic sets Wf as defining a cycle. This is where the theory of inter- 
section of subanalytic cycles developed by R. Hardt [TH [T71 [18] comes in very handy. 

The manifolds Wf are semi-algebraic, have finite volume, and carry natural orientations 
or J, and thus define integration currents [Wj, or/]. In Proposition 15.51 we show that the clo- 
sure of Wf is a naturally oriented pseudo-manifold, i.e., it admits a stratification by smooth 
manifolds, with top stratum oriented, while the other strata have (relative) codimension at 
least 2. Using the fact that the current [W^^,or7] is a subanalytic current as defined in [18j . 
it follows that (?[VFj~, orj] = in the sense of currents. We thus get cycles aj G H,{U (n), Z). 

The currents [VFj~,or/] define a perfect subcomplex of the complex of integrally flat cur- 
rents. This subcomplex is isomorphic to the Morse-Floer complex, and via the finite-volume- 
flow technique of Harvey-Lawson [19] we conclude that the cycles aj form an integral basis 
of H,{Un),Z). This basis coincides with the basis described in [131 IV §3], and by Vasiliev 
in i35j. 

The cycle aj has codimension codima/ = X]ie/(^^ ~ I)- denote by a.\ G H*{U{n),'L) 
its Poincare dual. When / is a singleton, / = {i}, we use the simpler notation on and q;| 
instead of Q;|jj and respectively ctjj}- We call the cycles otj the basic Arnold- Schubert cycles. 

It is well known that the cohomology of U (n) is related via transgression to the cohomology 
of its classifying space BU{n). We prove that the basic class on is obtainable by transgression 
from the Chern class q. 

More precisely, denote by E the rank n complex vector bundle over x U (n) obtained 
from the trivial vector bundle 



by identifying the point z £ C" in the fiber over (1, (?) G [0, 1] x [/ (n) with the point gz in the 
fiber over {0,g) G [0, 1] x U{n). We denote hy p : x U{n) U{n) the natural projection, 
and by pi : H'{S'^ x U{n),Z) H—'^{U{n),Z) the induced Gysin map. 

The first main result of this paper is a transgression formula (Theorem 16. ip asserting that 



In particular, we deduce that the integral cohomology ring is an exterior algebra with gen- 
erators qI, i = 1, . . . ,n, so that an integral basis of H*{U{n),'L) is given by the exterior 




OLi =pi {ci{E)). 



(t) 
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monomials 

al^D ■ ■ ■ U a]^, I < ii < ■ ■ ■ < ik < n, < k < n. 

The second main result of this paper, Theorem 17.51 gives a description of the Poincare dual 
of ctj^ U • • • U ctj^ as a degeneracy cycle. More precisely, if I = {ii < ■ ■ ■ < ik}, then 

a\ = aliJ---iJal. (t) 

The last equality completely characterizes the intersection ring of Lagh(?i-) in terms of the 
integral basis a\. 

The sought for localization formulae are built in our Morse theoretic approach. More 
precisely, if $j denotes the (downward) gradient flow of the Morse function /, then the 
results of [19] imply that the forms '&*Q!| converge as currents when t — > — oo to the currents 

OLJ. 

We want to comment a bit about the flavor of the proofs. The lagrangian grassmannian 
Lagh(n) has double incarnation: as the unitary group, and as a collection of vector subspaces, 
and each of these points of view has its uses. The unitary group interpretation is very well 
suited for global problems, while the grassmannian incarnation is ideal for local computations. 

In this paper we solve by local means a global problem, the computation of the intersection 
of two cycles, and not surprisingly, both incarnations of Lagh(n) will play a role in the final 
solution. Switching between the two points of view requires some lengthy but elementary 
computations. 

The intersection theory investigated in this paper is closely related to the traditional Schu- 
bert calculus on complex grassmannians, but uses surprisingly little of the traditional tech- 
nology. The intersection theory on Lagh(n) has one added layer of difficulty because the 
cycles involved could be odd dimensional, and when computing intersection numbers one has 
to count a signed number of points, not just a number of geometric points. Not surpris- 
ingly, the computations of these signs turned out to be a rather tedious job. Moreover, given 
that the cycles involved are represented by singular real semi-algebraic objects, the general 
position arguments are a bit more delicate. 

Finally, a few words about the organization of the paper. The first two sections survey 
known material. In Section 1 we describe carefully Arnold's isomorphism U{n) — > Lagh(?^), 
while in Section 2 we describe the most salient facts concerning the Morse function /a- 

In Section 3 we give an explicit description of the unstable manifold Wf using Arnold's 
graph coordinates. In these coordinates, the unstable manifolds become identified with cer- 
tain vector subspaces of the vector space of n x n hermitian matrices. This allows us to 
identify the unstable manifolds with orbits of a (real) Borel group, and we use this fact to 
conclude that the gradient flow satisfies the Morse-Smale condition. 

In Section 4 we investigate the tunnellings of the Morse flow, i.e., gradient flow lines 
connecting two critical points Si,Sj. We introduce a binary relation on the set of 
critical points by declaring Sj -< Sj if and only if there exists a gradient flow line tunnelling 
from Sj to Sj. In Proposition 14.41 we give purely combinatorial description of this relation 
which implies that is in fact a partial order. (The transitivity of is a reflection of 
the Morse-Smale condition.) In Proposition 14.61 we give a more geometric explanation of this 
transitivity by showing that Sj -< Si if and only if WJ C cl{Wf). This shows that -< is 
very similar to the Bruhat order in the classical case of grassmannians, and leads to a natural 
stratification of the closure of an unstable manifold, where each stratum is itself an unstable 
manifold. 
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In Section [5] we introduce the cycles aj, and we show that they form an integral basis of 
the homology. This section is rather long since we had to carefully describe our orientation 
conventions. In Section [6] we prove the transgression equality ([f]) using the Thom-Porteous 
formula describing the duals of Chern classes as certain degeneracy loci. Section [7] contains 
the proof of the main intersection result, the identity 

For the reader's convenience we included two technical appendices. The first one is about 
tame (or o- minimal) geometry and tame flows. We need these facts to prove that the gradient 
flow of / is Morse-Stokes in the sense of |19) . The criteria for recognizing Morse-Stokes flows 
proved by Harvey-Lawson in [19j do not apply to our gradient flow, and since our flow can 
be described quite explicitly, the o-minimal technology is ideally suited for this task. 

The second appendix is a fast paced overview of R. Hardt's intersection theory of suban- 
alytic currents. We describe a weaker form of transversality, and explain in Proposition IB. 41 
how to compute intersections under this milder conditions 

Acknowledgements. I want to thank my colleagues Sam Evens, Sergei Starchenko and 
Bruce Williams for useful conversations on topics related to this paper. 

Notations and conventions 

• For any flnite set /, we denote by or |/| its cardinality. 

• i ■= 

• I„ := { -n, . . . , -1, 1, . . . , n}, !+ = {!,..., n]. 

• For an oriented manifold M with boundary dM, the induced orientation on the 
boundary is obtained using the outer-normal flrst convention. 

• For any subset 5 of a topological space X we denote by cZ(5) its closure in X. 

• For any complex hermitian vector space we denote by End^(-E) the space of hermitian 
linear operators E ^ E. 

• For every complex vector space E and every nonnegative integer m < dime E we 
denote by Gr m{E) (respectively Gv'^{E)) the Grassmannian of complex subspaces 
of E of dimension m (respectively codimension m). 

• Suppose ii^ is a complex Euclidean vector space of dimension n and 

Fl := {Fo CFi C ••• CF„} 

is a complete flag of subspaces of E, i.e., dimFj = 0, Vi = 0, . . . , n. 

For every integer < m < n, and every partition ^ = /ii > /i2 ■ ■ ■ such that < m 
and /ij = 0, for all i > n — m, we deflne the Schubert cell T,^{Fl) to be the subset of 
Gr*" {E) consisting of subspaces V satisfying the incidence relations 

dim{Vn Fj) =i, 

Vi = 1, . . . , m, Vj, m + i — fii<j<m-\-i — /Uj+i. 

1. Hermitian lagrangians 

We would like to collect in this section a few basic facts concerning hermitian lagrangian 
spaces which we will need in our study. All of the results are due to V.I. Arnold, ^ . In this 
section all vector spaces will be assumed flnite dimensional. 

Definition 1.1. A hermitian symplectic space is a pair {E,J), where -E is a complex her- 
mitian space, and J : E ^ E \s a, unitary operator such that 

= —1^, dimc(ker(J — i) = dimcker(J + i). 
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An isomorphism of hermitian symplectic spaces {Ei,Ji), z = 0,1, is a map unitary map 
T -.Eq^Ei such that TJq = JiT. □ 

If {E, R, J) is a hermitian symplectic space, and h{», •) is the hermitian metric on E, then 
the symplectic hermitian form associated to this space is the form 

u : E X E ^ C, u{u,v) = h{Ju,v). 

Observe that u is hnear in the first variable and conjugate linear in the second variable. 
Moreover 

u{u,v) = —uj{v,u), yu,v e E. 

The M-bilinear map 

q{u,v) :='Reh{iJu,v) 

is symmetric, nondegenerate and has signature 0. We denote by Sph(-E, J) the subgroup of 
GLc(-E) consisting of complex linear automorphisms of E which preserve u, i.e., 

Lo{Tu,v) = oj{u,v), yu,v e E. 

Equivalently, 

Sph(^, J) = (T G GLc(^); T*JT = J}. 

Observe that Sph(£', J) is isomorphic to the noncompact Lie group U{n,n), n = ^dimc^?. 
We denote by sp^{E, J) its Lie algebra. 

We set := ker(ibi — J). We fix an isometry T : F+ —>■ F~ and we set 

E+ = {i(/ + T/); /eF+}, ^- = {l(/-r/); /eF+} 

Observe that E~ is the orthogonal complement of and the operator J induces a unitary 
isomorphism E^ —y E~ . Thus, we can think of as two different copies of the same 
hermitian space E. 

Conversely, given a hermitian space E, we can form E = E (B E, and define J : E ^ E hy 
with reflection 

-1e 
_ 1e 
Note that 

F^ = {{x,Tx) e E ® E; xeE}, 
and we have a canonical isometry 

F+ 3 {x,-ix) {x,ix) e F~. 

For this reason, in the sequel we will assume that our hermitian symplectic spaces have the 
standard form 

-1e 



E = E®E, J 



Ie 



We set ^+ = e 0, = E. We say that ^+ (respectively E~) is the horizontal 
(respectively vertical) component of E. 

Definition 1.2. Suppose {E,J) is a hermitian symplectic space. A hermitian lagrangian 
suhspace of is a complex subspace L C E such that L-*- = JL. We will denote by Lagh(£^) 
the set of hermitian lagrangian subspaces of E. □ 
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Remark 1.3. If u is the symplectic form associated to {E, J) then a subspace L is hermitian 
lagrangian if and only if 

L = {ueE; uj{u,x) = 0, VaiG-L}. 

This shows that the group Sph(^, J) acts on Lagh(-E), and it is not hard to prove that the 
action is transitive. □ 

Observe that if L G Lagh(-E) then we have a natural isomorphism L © JL — E. It follows 
that dime L = ^ dime E, and if we set 2n := dime E we deduce that Lagh(-E) is a subset of 
the Grassmannian Gr„ (E) of complex n-dimensional subspaces of E. As such, it is equipped 
with an induced topology. 

Example 1.4. Suppose is a complex hermitian space. To any linear operator A : E E 
we associate its graph 

rA = {{x,Ax) e E®E; xeE}. 

Then Ta is a hermitian lagrangian subspace of E (B E if and only if the operator A is self- 
adjoint. 

More generally, if L is a lagrangian subspace in a hermitian symplectic vector space E, 
and A : L ^ L is a linear operator, then the graph of J A : L JL viewed as a subspace in 
L © JL = E is a lagrangian subspace if and only if A is a Hermitian operator. □ 

Lemma 1.5. Suppose E is a complex hermitian space, and S : E ^ E is a linear operator. 
Define 

iis:= {{{l + S)x,-i{l- S)x)- xeE] ^E®E. (1.1) 
Then Ls € Lagh(-E © E) if and only if S is a unitary operator. 

Proof. Observe that £-5 is the image of the linear map 

E^ E®E, x^'isix) = {{1 + S)x,-i{l- S)x) . 

This map is injective because 

{\ + S)x = {\-S)x = Q^x = Sx = -Sx ^x = 0. 

Hence dime = dime E = ^ dime E®E = dime -C^ , and we deduce that £5 is a lagrangian 
subspace if and only if JUg C £5. 

Wc denote by (•,•) the Hermitian scalar product in E and by (•,•) the Hermitian inner 

product in E®E. If 

u = '3s{x) = {{1 + S)x,-i{l- S)x) ^ Ju = S)x,{l + S)x) 

For every v = {1 + S)y © — i(l — S)y = Js'(y) G we have 

(J u, v) = i{x - Sx, y + Sy) + i{x + Sx, y - Sy) 

Now observe that 

{x - Sx,y + Sy) 

and 

{x + Sx,y- Sy) 

so that 

{J3s{x), 3s{y)) = 2{x, y) - 2{Sx, Sy), Vx, y e E. 



= {x, y) + {x, Sy) - {Sx, y) - {Sx, Sy) = {x, Sy) - {Sx, y), 
= {x, y) - {x, Sy) + {Sx, y) - {Sx, y) = -{x, Sy) + {Sx, y) 
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We deduce that JiLg C if and only if 

(x, y) = {Sx, Sy), Vx, y £ E the operator S is unitary. □ 

Lemma 1.6. If L £ Lagh(-E) then L n = {0}. 

Proof. Suppose / G n L. Then Jf G L"*- so that {Jf, f) = 0. On the other hand, 
J f = zizif so that 

0=(J/,/) = ±i|/p^/ = 0. □. 

Using the isomorphism E = F'^ © F^ we deduce from the above lemma that L can be 
represented as the graph of a linear isomorphism T = Tl : F^ — > F~ , i.e., 

L={f(BTf; 

Denote by J± : ^ F^ the unitary map 

E B X ^ —;=(x, ^tx) G F . 

We denote by 8^ : ^ the linear map given by the commutative diagram 

E >■ E 

F+ F- 

i.e., Sl = JI^TJ+. A simple computation shows that L = £^§^. From Lemma [L5] we deduce 
that the operator 8^, is unitary, and that the map 

Lagh(^) 3L^%l£ U{E) 
is the inverse of the map S ^ Hg. This proves the following result. 

Proposition 1.7 (Arnold). Suppose E is a complex hermitian space, and denote by U{E) 
the group of unitary operators S : E ^ E. Then the map 

U{E) 3 S^Lse Lagh(^ © E) 

is a homeomorphism. In particular, we deduce thatLagi^{E) is a smooth, compact, connected, 
orientable real manifold of dimension 

dimR Lagh(-E) = (dime E)'^. □ 

Suppose A : E E isa selfadjoint operator. Then, as we know its graph Ta is a lagrangian 
in E = E (B E, and thus there exists a unitary operator S G U{E) such that 

Ta = ^s = {{{^ + S)x,-i{l- S)x); xeE]. 

Note that the graph Ta intersects the "vertical axis" E'' = (B E only at the origin so that 
the operator 1 + S must be invertible. 

Next observe that for every x £ E we have — S)x = A{1 + S)x so that 

A = - S){1 + S)-^ = 2i{l + Sy^ - i. (1.2) 

We conclude 

5 = Sr^ = e{iA) := (1 - iA){l + iA)'^ = 2(1 + iA)-^ - 1. (L3) 
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The expression Q{iA) is the so cahed Cayley transform of iA. 

Observe that we have a left action "*" of U{E) x U (E) on U{E) given by 

(r+,r_)*5 = T_sr;, yT+,T^,s €U{e). 

To obtain a lagrangian description of this action we need to consider the symplectic unitary 
group 

U{E, J) := U{E) n Sph(^, J) = { T G U{E)] TJ = JT]. 

The subspaces are invariant subspaces of any operator T G U{E, J) so that we have an 
isomorphism U{E,J) = U{F+) x U{F-). Now identify F± with E using the isometrics 

-^J±: E ^ F^, 3j : EeE ^ F+ eF-. 
v2 

We obtain an isomorphism 

U{E,J) 3T^ {T+,T_) G U{E) x U{E).. 
Moreover, for any lagrangian L G Lagh(-E), and S G U{E), and any T G U{E, J) we have 

Stl = T^) * Sl, ^(t+,t_)*5 = ^^5- (1-4) 
2. Morse flows on the Grassmannian of hermitian lagrangians 

In this section we would like to describe a few properties of some nice Morse functions on 
the Grassmannian of complex lagrangian subspaces. The main source for all these facts is 
the very nice paper by LA. Dynnikov and A. P. Vesselov, 

Suppose E is complex Hermitian space of complex dimension n. We equip the space 
E = E ® E with the canonical complex symplectic structure. Recal that 

E+ :=E®0, E~ :=0®E. 

For every symmetric operator A : E^ E^ we denote hy A : E ^ E the symmetric operator 

A 
-A 



A 



■.E^E. 



(2.1) 



Let us point out that A G spj^(£', J). Define 

/a : U{E+) ^ M, fAiS) := Retr(^5), 

and 

: Lagh(^) ^ M, ipA{L) = Retr(APL), 
where Pl denotes the orthogonal projection onto L. An elementary computation shows that 

1 + 1{S + S*) 1(5-5*) 
i(5-5*) l-i(5 + 5*)J' 

and we deduce 

^a{^s) = /a(5), V5 g U{E+). 
The following result is classical, and it goes back to Pontryagin [32]. For a proof we refer to 

Proposition 2.1. //ker A = {0} then a unitary operator 5 G U{E^) is a critical point of 
fA if and only if there exists a unitary basis ei , . . . , of E consisting of eigenvectors of A 
such that 

5efc = ibefc, \/k = 1, . . . ,n. □ 
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We can reformulate the above result by saying that when ker A ^ 0, then a unitary operator 
S* is a critical point of /a if and only if S is an involution and both ker(l — S) and ker(l + S) 
are invariant subspaces of A. Equivalently this means 

S = S*, S^ = 1e, SA = AS. 

To obtain more detailed results, we fix an orthonormal basis ei, . . . , e„ of i?. For any a E M" 
such that 

< ai < • • • < (2.2) 
we denote hy A = A^ the symmetric operator E ^ E defined by Ae^ = ctfce/c, Vfc, and we 
set fs '■= Jasi s-iid by Crg C U{E~^), the set of critical points of /,;. 
For every e G {±1}" we define G U{E+) by 

Seek = ekek, k = 1,2, . . . ,n. 

Then 

Cr^ = {Sf, e€{±ir}. 

Note that this critical set is independent of the vector a satisfying (j2.2p . For this reason we 
will use the simpler notation Cr„ when referring to this critical set. 

To compute the index of at the critical point we need to compute the Hessian 

QJH) := -^\t=o KetviAS^*^ ), H £ u(E)= the Lie algebra of U(E). 

We have 

Q^H) = neti As^S^H"^) = -RetiA^S^HH* 
Using the basis (ej) we can represent H S u{E) as H = iZ, where Z is a hermitian matrix 
( <„; ^jk = Zkj- Note that Zjj is a real number, while Zij can be any complex number 
if i ^ j. Then a simple computation shows 

Qf(iZ) = - '^{ciOi + ejaj)\zij\'^ = - ^ejajlzjip - 2^(eiai + ejaj)\zij\'^ . (2.3) 

i,j i i<j 

Hence, the index of at is 

/^a(e) := ej = 1} + 2#{(i, j); i < j, e^aj + e^aj > } 

Observe that if i < j then ejOj + ejaj > if and only if ej = 1. Hence 

fi^{e) = Y,i'^j-l). 

In particular, we see that the index is independent of the vector a satisfying the conditions 

(1121). 

It is convenient to introduce another parametrization of the critical set. Recall that 

1+ :={!,. 

For every subset / C we denote by Sj £ U{E^) the unitary operator defined by 

Uj j e I 

\-ej j^I. 
Then Cr„ := {5/; I C 1+ }, and the index of Sj is 

ind(5/) = ^(2z-l). (2.4) 



SiCj 
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The co-index is 

coind {Si) = ind (S'/e) = - fij, (2.5) 
where denotes the complement of /, := \ /. 

Definition 2.2. We define the weight of a finite subset / C Z>o to be the integer 

w(I) = < _ ^ □ 

Hence ind (Si) = w{I). Let us observe a remarkable fact. 
Proposition 2.3. Let 



and set 



Then for every / C we have 



n? , . , 



w{I) = foiSi) + - = MM) + y 
In other words the gradient flow of is selfindexing, i.e., 

fo{Si)-fo{Sj) = wiJ)-w{I). 



Proof. We have 

fo{Sj) = ^{w{i)-w{n). 

On the other hand, we have 

1 1 n"^ 

Adding up the above equalities we obtain the desired conclusion. □ 

The (positive) gradient flow of the function has an explicit description. More precisely, 
we have the following result, [Tl, Proposition 2.1]. 

Proposition 2.4. Suppose A = where a S satisfies Ii2.2^) . We equip U{E^) with 
the left invariant metric induced from the inclusion in the Euclidean space End(c(i?) equipped 
with the inner product 

{X,Y) = Retr(Xy*). 

We denote by VfA the gradient of fA '■ U{E^) R with respect to this metric, and we denote 
by 

$A : R X U{E+) U{E+), S ^ <^>\{S) 
the flow defined by VfA, i-s., the flow associated to the o.d.e. S = V fA{S).Then 

$^(5) = (sinh(t^) + cosh(M)5)(cosh(U) +sinh(t^)5)"\ \/S G U{E+), t G R. (2.6) 

□ 
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It is convenient to have a lagrangian description of the above results via the diffeomorphism 
: U{E'^) — > Lagh(-E'). First, we use this isomorphism to transport isometrically the metric 
on U{E'^). Next, for every / C we set A/ := Lgj- For every i G 1+ we define 

ei:= ei®Q e E ® E, fi = Oeei£ EeE. 

Then 

A/ = ker(l - 5/) e ker(l + S/) = spanjcj; z G / } + span j/^-; jeT}. 

The lagrangians A/ are the critical points of the function ipA '■ Lagh(-E) M. 
Using (jl.ip and ()2.6p we deduce that for every S £ U{E^) we have 

^<i>t{S) = e^^^s- (2-7) 

The above equality describes the (positive) gradient flow of if a- We denote this flow by 
We can use the lagrangians A/ to produce the Arnold atlas, [1]. Deflne 

Lagh(^)/ := {L e Lagh(^); LnAf = 0,}. 

Then Lagh(-E')7 is an open subset of Lagh(-E) and 



Lagh(-E) =|jLagh(^) 



I- 

I 

Denote by End J (A/) the space of self- adjoint endomorphisms of A/. We have a diffeomor- 
phism 

End+(A7) ^ Lagh(^)/, 
which associates to each symmetric operator T : A/ ^ A/, the graph Tjt of the operator 

JT:Aj^ Af 

regarded as a subspace in A/ © A^ = E. More precisely, if the operator T is described in the 
orthonormal basis {ej, fj; i £ I, j E I^} by the Hermitian matrix (tij)i<ij<n, then the 
graph of JT is spanned by the vectors 

ei(T) := + ^tj/j/j, - ^ tjiCj, iel, (2.8a) 
i'ei jei" 

fj{T) := fj + U,f, - h'j^J'b J e r. (2.8b) 

The inverse map 

yi/:Lagh(^)/^End+(A7) 

is known as the Arnold coordinates on Lagh(i^')/. 

Let / C 1^. If L G Lagh(i^')/ has Arnold coordinates Ai{L) = T, i.e., T is a symmetric 
operator 

r : A, ^ A,, 

and L = Tjt, then = e^^TjT is spanned by the vectors 
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or, equivalently, by the vectors 

ei + 5] t.'^e-*("»' - ^ t,,e*("^-°')e,-, i G /, (2.9a) 

fj + E**^-^*^"'""'^-/^* - E j G r. (2.9b) 

This shows that e*^T jt S Lagh(i^')7, so that Lagh(-E')j- is invariant under the flow ^ a- 

If we denote by Aj the restriction of ^ to A/, and we regard Ai as a symmetric operator 
A/ ^ A/, then we deduce from the above equahties that 

We can rewrite the above equahty in terms of Arnold coordinates as 

Ai{¥L) = e*^^yL7(L)e*^^ VL G Lagh(^)/. (2.10) 

3. Unstable manifolds 

The unstable manifolds of the positive gradient flow of ipA have many similarities with the 
Schubert cells of complex Grassmannians, and we would like to investigate these similarities 
in great detail. 

The stable/unstable variety of A/ with respect to the positive gradient flow is defined 

by 

w± := {L G Lagh(^); lim e±*^L = Aj } {L G Lagh(-E)7; lim e'^' Ai{L)e'^' = |. 

If Ai{L) = {tij)i<ij<n then the equalities (|2.9ap and ()2.9bp imply that 

lim e*^^yi/(L)e*^^ = tij = 0, if i,j G /, or j e P, i e I and mj < i. 

t — >— oo 

We can rewrite the last system of equalities in the more compact form 

Wf = {T G End+(A/); tji = 0, < j < i, i G / }. (3.1) 

This shows that Wf has real codimension X]jg/(2i — 1). This agrees with our previous 
computation (|2.5|) of the index of A/ . Thus 

codimK Wf =w{I), dimiR Wf = ri^ - w{I) = ^ dimR Lagh(£') - foi^i)- 

For any L G Lagh(-E') we set 

:= LnE^. 

The dimension of is called the depth of L, and will be denoted by S{L). 

Prom the description (13. Ih of the unstable variety Wf , #/ = k we deduce the following 
result 

Proposition 3.1. Let L G Lagh(-E), / C {1, • • • ,n}, k = #/. We denote by S e U{E+) the 
unitary operator corresponding to L. The following statements are equivalent. 

(a) L G Wf 

(b) L G Lagh(-E)/ and lim^^oo e"*^L+ = Af . 

(c) dimL+ = k and lim^^oo e^^'^L^ = A'^ . 



^The characterization in Proposition 13.11 depends essentially on the fact that the eigenvalues of A satisfy 
the inequahties < ai < ■ ■ ■ < an- 
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(d) dimker(l - S) = k and linit^oo e"*^ ker(l - S") = A+. 

Proof. The description (13. ip shows that (a) =^ (b) (c). Suppose that L satisfies (c) and 
let A J = lim^^oo e~^^L, i.e., L G WJ. Then using the implication (a) =^ (b) for the unstable 
manifold WJ we deduce 

lim e*^L+ = A+. 
On the other hand, since L satisfies (c) we have 

lim e*^L+ = A+. 

t-^CX) ^ 

This implies I = J which proves the implication (c) (a). Finally, observe that (d) is a 
reformulation of (c) via the diffeomorphism S : Lagh(-E') — > U{E^). □ 

The condition lim^^^oo e~^^L~^ = A^ can be rephrased as an incidence condition. We write 

I = {Ui> ■■■ > Vk}. 

We have limj^oo e~*^L+ Af if and only if is the graph of a linear map 

X : Af ^ A|,, Aei = ^ x^ej, Vz G /, 

such that, 

x{ = 0, Vi G /, j G j < i. 
We consider the complete flag Fl, = {Fq C ■ ■ ■ C Fn } of subspaces of , 

Fj = spancjej; i<j}, 
and we form de dual flag FZ* = { F° C • • • C F" }, 

F^ := F^_j- = spancjej; i>n-j}. 
Then limi^oo e^^'^L^ A'j' if and only if 

\fi = 0,1, ... ,k : dimc(L+ n Ff) = i, Vj, i/j+i < j < Vi, 

or, equivalently 

Vi = 0, 1, . . . , : dimc(L^ Pi F'^) = z, Vz^, n+1 — i>i<v<n — fj+i, = n + 1. 

We define //j so that 

n-/c + i-^i = n + l-z/j <^=^ = Ui - {k + I - i), 

and we obtain a partition ^/ = (/^i > ^2 > • • • > ^fc > 0). We deduce that L"*" G S7(FZ*), 
where S/(FZ*) denotes the Schubert cell associated to the partition /u, and the flag FZ*. 

Remark 3.2. The partition (//i, . . . can be given a very simple intuitive interpretation. 
We describe the set / by placing w's on the positions i G I, and o's on the positions j G I'^. 
li I = {ui > • • • > Vk} , then fii is equal to the number of o's situated to the left of the • 
located on the position i/i. Thus 

fi{k} = (A; - 1, 0, . . . , 0), M{i,...,fc-i,fc+i,...,„} = 1""^ = (1, . . . , 1) . □ 
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A critical lagrangian Aj is completely characterized by its depth k = S{Aj) = #1, and the 
associated partition ^. More precisely, 

I = {fxi + k > fi2 + k -1> ■■■ > ^k + l}- (3.2) 

The Ferres diagram of the partition /i/ fits inside a k x [n — k) rectangle. 
We denote by C„ the set 

e„ = {(m,;u); /c e {0, . . . ,n}, /x G ^^.n-m } 

where '5'ra,n-m is the set of partitions whose Ferres diagrams fit inside a kx (n — k) rectangle. 
We have a bijection 

For every tt = (m, /i) E C„ there exists a unique / C such that tt/ = (m, fi) and we set 
Observe that 

codimRt^^^^^ = + 2|/i|, where \fi\ := y^/^i, (3.3) 

i 

and 

dimjR W^^^-^ =r? -m^ - 2|^| = (n - mf + dimjR E^. (3.4) 
The involution I ^ on the collection of subsets of is mapped to the involution 
D / 1 — > TTi £ Cn ^, TT = (m, /i) vr* := (n — m, /i*) G C„, 
where ^* is the transpose of the complement of /i in the kx (n — h) rectangle. In other words 

TT/c = 7r|. 

Remark 3.3. There is a remarkable involution in this story. More precisely, the operator 
J : E ^ E defines a diffeomorphism 

J : Lagh(i?) ^ Lagh(ii^), L i-^ JL. 

If we use the depth-partition labelling, then to every pair vr = (/c, ^u) G C„ we can associate a 
Lagrangian A^^^ and we have 

JK = K*- 

We list some of the properties of this involution. 

• fA{ JL) = —fA{L), ML G Lagh(-E), because Pjl = — Pl and A and tr A = 0. 

• e*^ J = Je~*^ because J A = -AJ. 

• JL± = (JL)T, VL G Lagh(^). 

• JA/ = A/c, V/CI+. 

• jiy± = M^T, V/ C {1,... 

The involution is transported by the diffeomorphism 8 : Lagh(£') U{E) to the involution 
S ^ -S ouU{E). □ 

Proposition 13. II can be rephrased as follows. 

Corollary 3.4. Let L G Lagh(-E^) and set S := S(L) G U{E). Then the following hold. 
(a) L G W^^^^^ if and only if 

dimker(l - S) = m and ker(l - 5) G T.^{Fl*) C Gr„(£;). 



□ 
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(b) L e if and only if 

dimker(l + S) = n - k and ker(l + S) e ^x*{Fl*) C Gr''{E). 

Finally, we can give an invariant theoretic description of the unstable manifolds Wf . 

Definition 3.5. (a) We define the symplectic annihilator of a subspace U C E to he the 
subspace := JU^, where denotes the orthogonal complement. 

(b) A subspace U C E is called isotropic (respectively coisotropic) \iU <ZU^ (respectively 
U'^ <ZU). (Observe that a lagrangian subspace is a maximal isotropic space.) 

(c) An isotropic flag of £^ is a collection of isotropic subspaces 

= Jo C Ji C • • • C J„, dimJfe = k, = 2 E. 
The top space J„ is called the lagrangian subspace associated to J,. □ 

Consider the isotropic flag J, given by 

= spanjcj; i>n — i^. 
If I = {uk < ■ ■ ■ < ui}, then L € Wf if and only if 

Vi = 0, 1, . . . , /c : dimc(-L fl Ji,) = i, Vi/, n + 1 — fi<z/<n — fj+i, vq = n + 1. 
Define the (real) Borel group 

S = B(J.) :={rGSph(^,J); TJ^cJe, V£gI+}. 
Proposition 3.6. The unstable manifold Wf coincides with the "B-orbit 0/A7. 

Proof. Observe that Wf is !B-invariant so that Wf contains the !B-orbit of A/. To prove the 
converse, we need a better understanding of !B. 

Using the unitary basis ei, . . . , e„, fi, ...,/„ we can identify H with the group of (2n) x 
(2n) matrices 7 which, with respect to the direct sum decomposition E~^ © E~, have the 
block description 

" A AS 

(A*)-i 

where ^4 is a lower triangular invertible n x n matrix, and is a hermitian n x n matrix. 
The Lie algebra of S is is the vector space X consisting of matrices X of the form 

A S 
-A* 



7- 



X 



where A is lower triangular, and S is hermitian. In particular, we deduce that 

dimK B = n(n + 1) + = 2n^ + n. 

Observe that the matrix A defining the Morse flow on Lagh(-E) belongs to the Lie algebra 
of !B, and for any open neighborhood 3Nf of A/ in Wf we have 

Wf = [j ^*(N). 
teM. 
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Thus, to prove that SA/ = Wf, it suffices to show that the orbit SA/ contains a tiny open 
neighborhood of Aj in Wf . To achieve this we look at the smooth map 

and it suffices to show that its differential at 1 G 23 is surjective. 

The kernel of this differential is the Lie algebra of the stabilizer of Aj with respect to the 
action of S. Thus, if we denote by St/ this stabilizer, it suffices to show that 

dimS - dim St/ = dimWf = w{r). 

Observe that X belongs to the Lie algebra of St/ if and only if the subspace XA/ is contained 
in A/, or equivalently, any vector in A;^ = A/c is orthogonal to XAj. If we denote by (•, •) 
the hermitian inner product on E we deduce that X belongs to the Lie algebra of St/ if and 
only if 

{ej,Xei) = {fi,,Xe,) = {f„Xf^,) = {ey,Xf^) = 0, yi,i' G I,j,j' G F. 
If we write X in bloc form 

, A = ial)l<ij<n, S = (Si)l<i,j<n, 

then we deduce that X is in the Lie algebra of St/ if and only if 

aH4 = 0' 

Suppose / = {ik < • • • < ii}. The equalities 

s^:, = 0, j,f€i' 

impose (n — k)'^ real constraints on the matrix S. For an G /, the equalities 

hi =0, j G r, ii < j 

impose (n — ii — l+l) complex constraints on A. The vector space of lower triangular complex 
n X n matrices has real dimension n(n + 1) so that the Lie algebra of St/ has real dimension 
k k 
n{n + 1) - 2 ^(n - ii> - I + I) + - {n - kf = + n - + 2'^{ii + £ - I) 
1=1 1=1 

k 

= -n? + n - k + 2^^il = -n? + n + w{I). 
h 

We deduce that 

dimjK 23 — dimiK St/ = — w{I) = dim Wf . □ 

Corollary 3.7. The collection of unstable manifolds defines a Whitney regular 

stratification o/Lagh(-E). In particular, the flow satisfies the Morse- Smale transversality 
condition. 

Proof. The statement about the Whitney regularity follows immediately from Proposition 
13.61 and the results of Lander [23j. For the reader's convenience, we include an alternate 
argument. 

The unstable varieties Wf are the the orbits of a smooth, semialgebraic action of the 
semialgebraic group 23 on Lagh(-E). If Wf C cl{Wf) then, according to the results of 
C.T.C. Wall [36], the set 3? of points in Wf where the pair {Wf ^ ^j) Whitney regular is 



A S 
-A* 
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nonempty. Since 23 acts by diffeomorphisms of Lagh(i?) the set 3i is a S-invariant subset of 
WJ , so it must coincide with WJ . 

Since the stratification by the unstable manifolds of the flow satisfies the Whitney 
regularity condition we deduce from [30^ Thm. 8.1] that the flow satisfies the Morse-Smale 
transversality condition. □ 

4. TUNNELLINGS 

The main problem we want to investigate in this section is the structure of tunnellingsof 
the flow = e*"^ on Lagh(-E). Given M,K C I^, then a tunnelling from Am to is a 
gradient trajectory 

t ^ -^^L = e*^L, L G Lagh(^) 

such that 

lim ^' 4*L = Am, lim = Kk- 

t— >oo >oo 

We denote by T(M, K) the set of tunnellings from Am to A.K-, and we say that M covers K, 
and write this K -< M,if 7{M, K) / 0. Equivalently, K ^ M \i and only if W^.^ n / 0. 
Observe that 



Hence 
so that 



K -<M ^ W]^j n JVF^, / 0. 
Let us observe that, although the flow depends on the choice of the hermitian operator 
A : , the equality (|3.ip shows that the unstable manifolds Wf are independent of 

the choice of A. Thus, we can choose A such that 

2i-l ^. ^ 
Aei = — - — Cj, Vz = l,...,n. 

Using Proposition 12.31 on self-indexing we obtain the following result. 

Proposition 4.1. If J ~< I, then w{J) > w{I) so that dimM^J < dim W^^. □ 



Definition 4.2. (a) For any nonempty set C of cardinality k we denote by i'k the 
unique strictly decreasing function i^k ■ {1, • • • , fc} ^ In whose range is K, i.e., 

K = {uKik) < ■■■< uk{1)}. 

(b) We define a partial order <l on the collection of subsets of by declaring J <l / if either 
/ = 0, or #J > #/, and for every 1 < £ < #/ we have < □ 

We have the following elementary fact whose proof is left to the reader. 

Lemma 4.3. Let K,M Cl^- Then the following statements are equivalent. 

(a) K <M 

(b) For everie 1+ we have #{Kn[i,n]) > #(Mn [£,n]). 

(c) M" < K". □ 
Proposition 4.4. Suppose K,M <Zt^. Then K < M if and only if K <\ M . 
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Proof. Suppose L £ W^j. Then (JL)^ = JL^, and we deduce that 

L eW^,nWt ^ hm e"*^L+ = A+ and hm e'^^JL- = A+. 

t — >CXD t — ^OO 

In other words, 

L G VFj^;^ n ^ L+ G ^m{FI*), JL G Y.K-{Fl*). 

We denote by = the orthogonal complement of in E'^, and by T = {tij)i<ij the 

Arnold coordinates of L in the chart Lagh(-E')A/- 

Observe that contains JL~ , the subspace L+ is spanned by the vectors 

Vi = ei- ^ tjiSj, ieM, 

jeM'=,j>i 

and is spanned by the vectors 

Uj = ej + ^ tijBi = Sj + ^ tjiSi, j G M". 

ieM,i<j ieM,i<j 

If we write 

M= = {jn-m <■■■< il}, i^" = {in~k < ■ < h} , 

then the condition JL~ G TiK'^ is equivalent with the existence of linearly independent vectors 
of the form 

Wk = ek + ^askes, k e K'^, (4.1) 

s>k 

which span JL~ . Arguing exactly as in |24[ §3.2.2] we deduce that the inclusion 

JL = span { Wk] k £ K'^] C = span {itj; j G M^} 
can happen only if 

n — m = dimL'^"'' > dimL^ = n — k and ji > ii, Vi = 1, n — /c, (4.2) 

i.e., W < K"", so that K <\ M. 

Conversely, if (j4.2p holds then, arguing as in [24^ §3.2.2] we can find vectors as in (j4.ip 
and complex numbers Tjj i £ M , j £ M^, i < j, such that 

spanjiu^; k G K^} C spanjcj + ^ TijBi; j G iW^}. 

Next complete the collection (rj^) to a collection {tij)i<ij<n such that = tjj, Vi, j, and 
tij = if z G M and j < i. The collection (tjj) can be viewed as the Arnold coordinates in 
the chart Lagh(-E')j\/ of a Lagrangian L G W^j n W^. □ 

Remark 4.5. Proposition 14.41 implies that K ~< M and M ~< N then K ~< N, so that ^ is 
a partial order relation. This fact has an interesting consequence. 

If Kq, Ki, ■ ■ ■ Ky C are such that for every i = 1, . . . , there exists tunnelling from 
Ai^j.i to then there must exist tunnelling from A/^j, to Kk^ ■ □ 

Proposition 4.6. Suppose M,K C I^. The the following statements are equivalent. 

(a) K -< M. 

(b) Wj^Ccl{W^,). 
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Proof. The imphcation (b) ^ (a) fohows from the above remark. Conversely assume K -< M. 
Then we deduce A^' C cl(W^j). Since cl(W^j) is 23 invariant, where S is the real Borel group 
defined at the end of Section[3l we deduce that 'BAk C cl{W^j). We now conclude by invoking 
Proposition I3.6[ □ 

Corollary 4.7. For any M C we have 



Corollary 4.8. Let K,M C I^, and set k = m = #M. The following statements are 
equivalent. 

• C cZ(Vy^) and dimH^^ = dimW^j - 1. 

• {1}€K and M = K\{1}. 

□ 



Corollary 4.9. Let K,M C , and set k = H^K, m = ^M. The following statements are 
equivalent. 

• Wj^ C cZ(PF^) and diml^^ = dimW^j - 2. 

• k = m, n M) = k — 1 and there exists i E {1, . . . ,n — 1} such that K = 
(K n M) U {i + 1} and M = {K n M) U {i}. 

□ 



5. Arnold-Schubert cells, varieties and cycles 

We want to use the results we have proved so far to describe a very useful collection of 
subsets of Lagh(-E). We begin by describing this collection using the identification Lagh(-E) = 

For every complete flag Fl, = | = Fq (Z Fi C ■ ■ ■ C Fn = E] oi E+ , and for every 
subset I = {uk < ■ ■ ■ < J^i} C I^, we denote Fll the dual flag := F^_j, we set uq = n + 1, 
Vk+i = 0, and we denote by (i^Z,) the set 

{S" e ?7(^+); dimcFlnker(l -5) = j, Vj+i<n-v<Vj, j = 0, . . . , } 

= {S <ZU{E+); dimc-F^nker(l-5) = j, Uj+i<l<Uj, j = {),..., k). 
We say that W/(i^Z,) is the Arnold- Schubert (AS) cell of type L associated to the flag Fl,. 
Its closure, denoted by Xi{Fl,) is called the AS variety of type I, associated to the flag Fl,. 
We want to point out that 

S G W7(FZ,) =^ dimcker(l - S) = #/. 

If we fix a unitary basis e = |ei, . . . , e„ } of E^ we obtain a flag 

Fl,{e), FZj, (e) := spancjej-; j<u}. 

We set 

W7(e) :=W7(FZ.(e)). 

As we know, the unitary symplectic group U{E, J) = U{E^) x U{E^) acts on U{E^), by 

{U+,U^)*S = U-SUl, 
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and we set 

Wc denote by Xi{Fl,,U^,U-) the closure of Wj {Fl,,U^,U-). When J is a singleton, 
/ = {z>}, wc will use the simpler notation W" and X^, instead of ^^^^y and X^,^}. For every 
unit complex number p we set 

WjiFl„p)=Wf{Fl„pl,l) = Wf{Fl„l,pl) 

= {S e U{E^); dime Ff D kei{p - S) = j, lyj+i <e<Uj, j = 0,...,n}. 
When Fl, = Fl,(e) we will use the alternative notation 

Wj{e,p) ■.= Wj{Fl.{e,p)), X, (e, p) = X, ( Fl. (e, p) ) . (5.1) 

Example 5.1. Suppose ei,...,e„ is an orthonormal basis of We form the flag Fl, 
given by 

Flj := spanc{ei; i<j}. 
For every u ef^ and every unit complex number p we have 

W-{Fl„p) = \^S eU{E+y, 3z^+i,...,ZneC: ker(p - 5) = span{ + ^ z^Cj } }. 

j>i/ 

Moreover 

X^(Fi.,p) = {sg ker(p-5)nspan{e^,...,en}7^0}. □ 

Definition 5.2. Let / C I+. We say that a subset E c Lagh(£') = U{E) is an Arnold- 
Schubert (AS) cell, respectively variety, of type I if there exists a flag Fl, of E, and U± G 
U{E) such that such that S = WJ{FI„ U+, U^), respectively S = X/(FZ„ ?7+, i7_). We wiU 
refer to Xi, as the basic AS varieties. □ 

Note that an AS cell of type / is a non-closed, smooth, semi-algebraic submanifold of 
Lagii(£'), semialgebraically diffeomorphic to M" The AS cells can be given a descrip- 

tion as incidence loci of lagrangian subspaces of E. 

We denote by FLAGiso(-E) the collection of isotropic flags of E. The unitary symplectic 
group 

U{E,J) = {T eU{E)- TJ = JT}, 

maps isotropic subspaces to isotropic subspaces and thus acts on FLAGj^o- It is easily seen 
that this action is transitive. 

For any flag J, G FLAGiso, and any subset 

I = {ui>--->Uk}cI+ 

we set 1^0 = 71+1, Vk+i = 0) aiid we define 

W7(J.) := { L G Lagh(-E); dim(J„ n L) = /c, dimLr\3u = i, \/n - i^i+i < v < n + 1 - Vi}. 

If we choose a complete flag Fl, of E~^, then the dual flag Fll is an isotropic flag, and we 
observe that the diffeomorphism £ : U{E'^) Lagh(-E') sends Wj{Fl,) to Wf{Fll). If e is 
a unitary basis, then we ill write 

Wf(e) ■.= Wr{Fl.{e)^) 
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As we explained earlier, the unitary symplectic group U{E,J) is isomorphic to U{E'^) x 
U{E+), so that every T G U{E, J) can be identified with a pair (r+,r_) G U{E+) x U{E+), 
such that for every S G U{E^) we have 

We deduce that 

W7(Fi.,r+,T_) ^ rw7(Fr). 

Since U{E, J) acts transitively on FLAGiso we conclude that any ^5' cell is of the form 
W/(J,) for some flag J. G FLAGiso- 

In the sequel we will use the notation Wj when referring to AS cells viewed as subsets of 
the unitary group U{E^), and the notation Wf when referring to AS cells viewed as subsets 
of the Grassmannian Lagii(-E). 

We would like to associate cycles to the AS cells, and to do this we must first fix some 
orientation conventions. First we need to fix an orientation on Lagh(-£^) which is orientable 
because it is diffeomorphic to the connected Lie group U{E~^). 

To fix an orientation on U (E) it suffices to pick an orientation on the Lie algebra u{E~^) = 
TiU{E~^). This induces an orientation on each tangent space TsU (E) via the left translation 
isomorphism 

TiU{E+) TsU{E+), TiU{E+) 3 X ^ SX e TsU{E+). 
To produce such an orientation we first choose a unitary basis of E^ , 

e = { ei, . . . ,e„ }. 
We can then describe any X G u{E^) as a skew-hermitian matrix 

^ ~ (pij)l<i,j<n 

We identify u{E~^) with the space of Hermitian operators E~^ E~^ , by associating to the 
skew-hermitian operator X the hermitian operator Z = —iX. Hence X = iZ, and we write 

Note that za G M, Vi, but Zij may not be real li i ^ j. The functions (-Zij)i<i<j define 
linear coordinates on u{E~^) which via the exponential map define coordinate in an open 
neighborhood of 1 in U{E^). More precisely, to any sufficiently small Hermitian matrix 
Z = {zij)i<ij<n one associates the unitary operator e~'^^ . 

Using the above linear coordinates we obtain a decomposition of u{E~^), as a direct sum 
between the real vector space with coordinates za, and a complex vector space with complex 
coordinates Zij, i < j. The complex summand has a canonical orientation, and we orient the 
real summand using the ordered basis 

^2115 ■ ■ ■ )^2nn- 

Equivalently, if we set 9^^ = Re Zij, (p^^ = IvciZij, 6^ = Zu, then the linear functions 9\ 9'^^, ip^^ : 
u{E'^) — R form a basis of the real dual of u{E'^)- The function Zij : u{E'^) — C are M-linear 
and we have 

A ip'^ = —Zij A Zij = —Zij A Zji. 
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The above orientation of u{E^) is described by the volume form 

n 

The volume form ri„ on u{E~^) is uniquely determined by the unitary basis e, and depends 
continuously on e. Since the set of unitary bases is connected, we deduce that the orientation 
determined by a; is independent of the choice of the unitary basis e. We will refer to this as 
the canonical orientation on the group U{E~^). Note that when dim^ -E"*" = 1, the canonical 
orientation of U{1) = coincides with the counterclockwise orientation on the unit circle in 
the plane. 

We will need to have a description of this orientation in terms of Arnold coordinates. For 
a lagrangian A S Lagh(-E) we denote by Lagh(-E')A the Arnold chart 

Lagh(^)A = {iGLagh(^); LnA^}. 

The Arnold coordinates identify this open set with the space EndJ (A) of hermitian operators 
A ^ A. By choosing a unitary basis of A we can identify such an operator A with a Hermitian 
matrix (cijj)i<jj'<n,) and we can coordinatize End||t(A) using the functions (ciij)i<i<j<n- 

We 

the orient Lagh(-E)A using the form 

2 " 1 

(-1)"' ( A ) ^ ( A ^ ) 

i=l 1<*<J<'^ 

We will refer to this as the canonical orientation on the chart Lagh(-E')A- We want to show 
that this orientation convention agrees with the canonical orientation on the group U{E). 
The relationship between the Arnold coordinates on the chart Lagh(-E)^+ = Lagh(-E)]i+ 

and the above coordinates on U{E~^) is given by the Cayley transform. More precisely, if 
S = e*^, Z Hermitian matrix, and A are the Arnold coordinates of the associated lagrangian 
XL 5, the according to (|1.2p we have 

1 + S" = 2(1 + iA)-^ iA = 2(1 + Sy^ - 1. 

To see whether this correspondence is orientation preserving we compute its differential at 
5=1, i.e., A = 0. We set 

St -.= 6''^, iAt = 2{1 + St)-^ -1 

we deduce upon differentiation at t = that Aq = —2Z. 

Thus, the differential at 1 of the Cayley transform is represented by a negative multiple 
of identity matrix in our choice of coordinates. This shows that the canonical orientation on 
the chart Lagh(-E')^+ agrees with the canonical orientation on the group U{E^). 

To show that this happens for any chart Lagh(£')A we choose T = (T+,r_) G U{E,J) 
such that TE = A. Then 

Lagh(^)A = rLagh(-E)^+, 

We fix a unitary basis {ei, . . . , e„} of E^ and we obtain unitary basis e'- = Tei of A. Using 
these bases we obtain Arnold coordinates 

A : Lagh(^)^+ ^ End+(C"), A' : Lagh(^)A ^ End+(C"). 
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Let L G Lagh(-E')g+ H Lagh(-E')A- The Arnold coordinates of L in the chart Lagh(-E)A are 
equal to the Arnold coordinates of L' = T^^L in the chart Lagh(-E)^+, i.e., 

A'{L) =A{T-^L). 

Using (jl.4p we deduce 

Form (jl.2p and (jl.Sp we deduce 

Sl = Qi{A{L)) := (1 - iyi(L))(l + iA{L))-\ 

iA'{L) = iA{T-^L) = 2(1 + TlSiT+y^ - 1 = eT^{Tli,LT+). 
We seen that the transition map 

End+(C") B A{L) ^ A'{L) e End+(C") 

is the composition of the maps 

End+(C") ^ U{n) ^ U{n) ^ End+(C"). 

This composition is orientation preserving if and only if the map S ^ T * S \s such. Now we 
remark that the map S ^ T * S \s indeed orientation preserving because it is homotopic to 
the identity map since U{E^) is connected. 

Fix I = {uk < ■ ■ ■ < ui} C I^, and a unitary basis of E^, 

e = {ei,...,e„}. 

We want to describe a canonical orientation on the AS cell Wf = Wf{e). We will achieve 
this by describing a canonical co-orientation. 

The cell Wf is contained in the Arnold chart Lagh(-E^)/, and it is described in the Arnold 
coordinates (tpg)i<p<g<n on this chart by the system of linearly independent equations 

tji = 0, i £ I, j <i. 

We set 

Upq = Re tpq, Vpq = Imtpg, VI < p < q. 
The conormal bundle Lagh(-E) of WY C Lagh(-E^) is the kernel of the natural restriction 
map T* Lagh(i?)|^y- — > T*Wf . This bundle morphism is surjective and thus we have a short 
exact sequence of bundles over Wf , 

^ T^- Lagh(^)^T* Lagh(^)|^^-^r*T^7 ^ 0. (5.2) 

The 1-forms duji, dvji, dta, i £ I , j < i, trivialize the conormal bundle. We can orient the 
conormal bundle Lagh(-E) using the form 

u:i = {-l)'"^^Uti A /\ duji A dvji^ (5.3) 

j<i, iel 

where dtj denotes the wedge product of the 1-forms dta, i £ I, written in increasing order, 

dtj = dty^uk A • • • A dty^u^ . 

We denote by orf this co-orientation, and we will refer to it as the canonical co- orientation. 
As explained in Appendix [B] this co-orientation induces a canonical orientation or/ on Wf . 
We denote by [Wy~,or]!"] the current of integration thus defined. 
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To understand how to detect this co-orientation in the unitary picture we need to give a 
unitary description of the Arnold coordinates on 'Wj(e) C U{E~^). 

Definition 5.3. Fix a unitary basis e of For every subset / C we define Uj E U {E, J) 
to be the symplectic unitary operator defined by 

^' \jeu k^I,' '^-"^ \jf^ k^I. 

Via the diffeomorphism 

U{E,J) {T+,T^) G U{E+) x U{E\ 

the operator U/ corresponds to the pair of unitary operators 

where 

Meu) = h III (5.4) 

Observe that UiE''^ = A/, and that the Arnold coordinates Aj on Lagh{E)i are related to 
the Arnold coordinates on Lagh(-E')g+ via the equality 

We deduce that if S G U{E+) is such that £5 G Lagh(-E+)7 then 

Alibis) = GiiUf * S) = ei{7iS7i). 

Example 5.4. Let us describe the orientation of C U (£'+) at certain special points. To 
any map p : I'^ ^ S^\{1}, j pj, we associate the diagonal unitary operator D = & Wj 
defined by 

'1 jel 

Every tangent vector S G TdU{E'^) can be written as 5 = iDZ, Z hermitian matrix, so that 

Z = -iD-^S. 

The cotangent space T^U{E'^) has a natural basis given by the R-linear forms 

9P, 0P1, ^1 : TsUiE) ^ M, eP{Z) = (Zsp, Bp), 

e^'^iZ) = Re{Zeq, e^), ip^'^ = Im(Ze„ Bp). 

To describe the orientation of the conormal bundle TsjU{E'^) we use the above prescription. 
The Arnold coordinates on Wj are given by 

Wi3S^ Ai{S) := ei(7iS7i) = - 7iS7i){l + T/ST/)"^ G End+(E+). 
Using the equality 

ei{7iS7i) = -2i{l + 7iS7i)~^ +il 

we deduce 



^|t=o^j(L>e^*^) = -2i^|t=o ( 1 + 7iD(^'^7i ) -2i^|t=o( 1 + 7iD{l + itZ)7i ) ' 
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= -2i(l + 7iD7i)-^-^\t=o{ 1 + miDZ7i{l + 7iD7i)-^Y^ 
= -2(1 + 7iD7i)-HiDZ7i{l + 7iD7i)-^ = A. 

Hence 

Z = -]^D*Ti{l + 7iD7i)A{l + 7iD7i) = -]^D*7}{1 + Tf + 7"? 

Note that 

If i S /, then for every j < i we have 



(Zej,ei) = -^{A{l+7]D)ej,7iD{l + 7jD)ei,) 
-{Ail + 7jD)e„e,) = h^''^^^^j 

If for i G I we set 

u'^iA) = Re{Aej, Ei), v''^{A = lm{Aej, Cj) 

then we deduce 

u' = -<^' 
u'^ A v'^ = kjO'^ A 

where kj is the positive constant 

Using (j5.3p we conclude that the conormal bundle to is oriented at D by the exterior 
monomial 

j<i, i£l 

where 9^ denotes the wedge product of written in increasing order. 

In particular, if I = {z^} and D = S^, i.e., pj = —1, Vj S I'^, then the conormal orientation 
of W~ is given at = S^^y by the exterior monomial 

u;^ = r A ( A (^l'^ ) A • • • A ( r-l-'^ A (^^-^''^ ) . 

The tangent space Ts^^yV^^^-^ is oriented by the exterior monomial 

UT = i-iy-^9^ A-'-e"-^ AO^^^ A-'-Ae"" /\ A'fi^y (5.5) 

j<k, k^v 

because 

n 

AuT = ftn= [/\9'^ a(^ /\ 9'^ A if'^ ) . □ 

i=l i<i<j<'n 
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Proposition 5.5. We have an equality of currents 

d[Wf,ori] = 0. 

In other words, using the terminology of Definition \B.3[ the pair [Wf , orj-) is an elementary 
cycle. 

Proof. The proof relies on the theory of subanalytic currents developed by R. Hardt |18j . 
For the reader's convenience we have gathered in Appendix [B] the basic properties of such 
currents. 

Here is our strategy. We will prove that there exists an oriented, smooth, subanalytic 
submanifold of Lagh(-E) with the following properties. 

(a) Wf C^iC cl{Wf) = X/. 

(b) dim(X7 \ y/) < dim _ l. 

(c) The orientation on restricts to the orientation orj on Wf . 

Assuming the existence of such a ^j- we observe first that, dim^/ = dimiy^", and that we 
have an equality of currents 

[Wf,orj] = [^j,ori]. 

Moreover 

supp d[y I, or i] c ci{yi)\y I = Xi\y I 

so that 

dim supp(9[y/, or/] < dim^/ — 1. 

This proves that 

d[Wf,ori] = d[yi,ori] = 0. 

To prove the existence of an with the above properties we recall that we have a stratification 
of X/ , (see Corollary 14. 7|) 

X, = □ wy, (5.6) 

where 

dimM/^J = dimWf + w{I) — w{J). 

We distinguish two cases. 

A. 1 G /. In this case, using Corollarv 14.81 we deduce that all the lower strata in the above 
stratification have codimension at least 2. Thus, we can choose = Wf , and the properties 
(a)-(c) above are trivially satisfied. 

B. 1 /. In this case. Corollary 14.81 implies that the stratification (j5.6p had a unique 
codimension 1-stratum, Wf, where := {1} U /. We set 

:= WfUWf^. 

We have to prove that this has all the desired properties. Clearly (a) and (b) are trivially 
satisfied. The rest of the properties follow from our next result. 

Lemma 5.6. The set is a smooth, subanalytic, orientable manifold. 

Proof. Consider the Arnold chart Lagi^{E)i* . For any L £ Lagh(-E')/* we denote by tij{L) its 
Arnold coordinates. This means that tij = tji and that L is spanned by the vectors 

~ ~l~ ^ ^ i'i'ifi' ^ ^ tjiBji, i G 
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iei* j'eis 
The AS cell Wp, is described by the equations 

tji = 0, e h, j < i. 

We will prove that 

W7 n Lagh(%, = := (L G Lagh(%s tji{L)=0, ^iel, j < i, tn{L)^0}. (5.7) 

Denote by ^ G Endjj(£^+) the hermitian operator defined by Aei = aj, Vi G I+, where the 
real numbers aj satisfy 

< ai < • • • < Q!„ . 

Extend ^4 to ^ : ^ ^ ^ by setting Af^ = -aif^. Note that L G Wf if and only if 

lim e-*^L = Aj. 

Clearly, if L G O, then Lt = e~^^L is spanned by the vectors 
ei(L) = ei+tne'"^7i- E 

ei(Lt) = ei- 5^ tjie*("»-"^)ei, iG/ 

iei*,i<j j'eis 
We note that as t — oo we have 

span{ei(Lt)} span{/J, span{ei(Lt)} span{ei}, Vi G I, 

span{/^(Lt)} ^span{/j}, Vj G 7^. 

This proves ^ A/ so that O C VF/" n Lagh(£^)/^ . 
Conversely, let L G D Lagh{E)i^. Then 

lim Lt = A/, where = e^^'^^L. 

t— >oo 

The space Lt is spanned by the vectors 

ei{Lt) = ei + ti,e*("'+"i)/, + ^ t,'ie*("'+"'')/,, - ^ t,,e*("'-"^)e,-, i G /, 

ie/ j'G/f 

Observe that 

ei{Lt), fj{Lt) ± span{ ef, iel} C Aj, Vj G /J, 
and using the condition Lt — ^ A/ we deduce 

span{ei(Lt), fjiLt); j G 1^} span{ Z^-; j G r } C Aj. 
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On the other hand, the Une spanned by ei(Lt) converges as t — > co to either the hne spanned 
by ei, or to the hne spanned by /j, i S /*. Since the hne spanned by ei, and the hne spanned 
fi,i£l are orthogonal to A/ we deduce 

span{ei(Lf)} span{/i}, 

which imphes 

hi + 0, til =0, Vi G /. 

Hence 

e,(Lt) = e, + ^t,,,e*(°»+°»')/i, - J] t^ie'^^^-^^^ e^, Vi G /. 
Now observe that 
and we conclude that 

span{ej(Lt); i G / } ^ spanjej; iG/}. 
Since {ei{Lt) — ej) ± e,/, Vi,i' ^ I, i' , we deduce 

span{ej(Lt)} ^ span{ej} 

which implies 

tii' = 0, tji = 0, Vi, i' el, i G /^ j < i. 

This proves that Wf H Lagh(-E)/, C ^2 and thus, also the equality (j5.7p . In particular, this 
implies that = WfUWf is smooth, because in the Arnold chart Lagii{E)i^ which contains 
the stratum Wf is described by the linear equations 

tji = 0, j<i. (5.8) 

To prove that is orientable, we will construct an orientation orj^ on n Lagh(-E')/* with 
the property that its restriction to 

n Lagh(-E)7 n Lagh{E)j, C Wf 

coincides with the canonical orientation orj on Wf . 

We define an orientation orj^ on Ci Lagh(-E)/, by orienting the conormal bundle of this 
submanifold using the conormal volume form 

= (-ir^'^d*/ A ( /\ {i-jtjiAdujY 

iai , j<i 

Let 

L G Lagh(^)7 n Lagh(^)/, C Wf. 
We denote by tij{L) its coordinates in the chart Lagh(-E)/, • Then L is spanned by the vectors 

ei(L) = ei + + ^tii/i - J]] ijifij, 
ej(L) = ej + tii/i + ^ti'i/j/ - ^ tjiej, i G /*, 

i'G/ iG/f 

/j(^) = fj + hjfi + ^Ujfi - ij'jef, j G 1^. 
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The space L belongs to Lagh(-E)7 if and only if 

L n Aj = L n span{ ej, f^; i E I, j E P} = 0. 

This is possible if and only if tu ^ 0. 
We set 

f[{L) = J-ei(L) = + J-ei + 5: ^ /, - ^ e, 
til til ■77; 111 -rr, 111 

e^(L) = e,(L)-iH/i(L) 
, \^ f. tiitiii\ tii \ - / tiitji\ 

= ^^ + Z-l'^'^--^J^^'- ^ ^1 - 2^ l*^-^ - 1^ j ' 



— rXj/j — —'-Xji 

/;(i) = /j(i)-fi,/i(i) 
- E («« - ^) - ^ - - E - ^) ^ 

*e/ V .^^ ' i'e/f^ ' 

The space L is thus spanned by the vectors e'-{L), i E I and f'j{L), j G where we recall 
that 1 G I'^. Also, since tu = tu we deduce that 

Xpq = x^p, VI < g < n. 

This implies that Xpq must be the Arnold coordinates of L in the chart Lagh(i^')7. 

In these coordinates the canonical orientation orj of Wf is obtained from the orientation 
of the conormal bundle given by the form 

uji = {-l)'^^^Uxi A ( /\ ^dxji A dxij^ , 

j<i,iel 

where dxj denotes the wedge product of the forms dxu, z G /, in increasing order with respect 
to i. 

Observe that ^ ^ 

^ii — tii ~7 ? V^ G 
111 

Xii = Vz G /, 

Cll 

^ij=Uj-'^-^, ViG/,jGr\{l}- 

Cll 

Observe that along Wf we have 

til = tij = 0, vi G /, j G r, j < i. 

We will denote by 0(1) any differential form on Lagh{E)i fl Lagh(-E)7, which is a linear 
combination of differential forms of the type 

fitp,g)dtp,q^ A • • • A dtp^g^, f\^- = 0. 

Then 

dxii = dtii + 0(1), 

dxij = dtij-*-^dtii + 0{l), Mi el, jel", j^l, 
tu 
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dXii = dtii + 0(1). 

hi 

We deduce that 

The last equahty shows that the orientations or/ and orj* coincide on the overlap Wf D 
Lagh(-E)/*. This concludes the proofs of both Lemma 15.61 and of the Proposition 15. 5[ □ 

Remark 5.7. Arguing as in the first part of Lemma 15 . 61 one can prove that for every k Gl'^ the 
smooth locus of Xi, contains the strata W" , m > k, and W^-j^ In particular, the singular 
locus of Xfc has codimension at least 3 in X^. 

The codimension 3 is optimal. For example, the Maslov variety Xi C Lagh(2) is a union 
of three strata 

Xi = 

The smooth locus is W^^ U 'W2". The stratum W2 is one dimensional and its closure is a 
smoothly embedded circle. The stratum W^^ 2} is zero dimensional. It consists of a point in 

Xi whose link is homeomorphic to a disjoint union of two 5^-s. One can prove that Xi is a 
3-sphere with two distinct points identified. □ 

We see that any AS cell 'Wj{Fl,, U-) defines a subanalytic cycle in U (E^). For fixed 
/, any two such cycle are homologous since any one of them is the image of [W^ , orj] via a 
real analytic map, real analytically homotopic to the identity. Thus they all determine the 
same homology class 

aj G F.„2_^„(7)(Lagh(^),Z), 

called the AS cycle of type / C I^. By Poincare duality we obtain cocycles 

«|GF-(^)(Lagh(^),Z). 

We will refer to these as AS cocycles of type I. When / = {z^}, G we will use the simpler 
notations cc^ and cxl to denote the AS cycles and cocycles of type {z/}. We will refer to these 
cycles as the basic AS (co)cycles. 

Example 5.8. Observe that the AS cycle is the orientation cycle of Lagh(i^'). 

The codimension 1 basic cycle cti is the so called Maslov cycle. It defined by the same 
incidence relation as the Maslov cycle in the case of real lagrangians, [l]. 

The top codimension basic cycle can be identified with the integration cycle defined by 
the embedding 

U{n-1) ^U{n), U{n-l)BT^TeleU{n). □ 

6. A TRANSGRESSION FORMULA 

The basic cycles have a remarkable property. To formulate it we need to introduce some 
fundamental concepts. We denote by £ the rank n = dime complex vector bundle over 
S^ X E obtained from the trivial vector bundle 

E+ X [-7r,7r] X U{E+) [-7r,7r] x U{E+), 
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by identifying the point u G E'^ in the fiber over {-TT,g) G [-vr,7r] x U{E+) with the 
point V = gu £ in the fiber over {i^^g) G [— -7r,7r] x U{E~^). Equivalently, consider the 
Z-equivariant bundle 

£ = ^+ X M X U{E) ^ M X U{E), 
where the Z-action is given by 

Z X ( ^+ X M X U{E) ) 3 (n; u, 9, S) i — > 9 + 2mT, S) eE+ xRx U{E), . 

Then £ is the bundle _ 

Z\£ ^ Z\(M X U{E)). 

The sections of this bundle can be identified with maps it : M x U{E+) E+ satisfying the 
equivariance condition 

u{9 + 27r, 5) = Su{9, S), V(t, S)eWx U{E+). 

Denote by 

TTi : if* ( 5^ X U{E+), Z ) ^ H'-^ ( U{E+), Z ) 
the Gysin map determined by the natural projection 

TT : 5^ X U{E+) U{E+). 

For every u = {\, . . . ,n} we define 7^, G H'^'^^^ ( U{E^),'L ) by setting 

where Ci,{E) G H'^'^{E,'L) denotes the u-i\i Chern class of £. 

Theorem 6.1 (Transgression Formula). For every u = {1, . . . ,n} we have the equality 

Proof. Here is briefiy the strategy. Fix a unitary basis e = {ei, . . . , e„} of E^ , and consider 
the AS variety 

X^(-l) := {S G U{E+)- ker(l + S) n spanc{e^, , . . . , e„} > 1} }. 

It defines a subanalytic cycle [X^(— 1), oVy\. We will prove that there exists a subanalytic 
cycle c in S"^ X U{E) such that the following happen. 

• The (integral) homology class determined by c is Poincare dual to 0^(8,). 

• We have an equality of subanalytic currents tt^c = [X,y(— 1), orj^]. 

To construct this analytic cycle we will use the interpretation of c^, as the Poincare dual 
of a degeneracy cycle |20i i24j . 

We set V := spangle,/, , . . . , e„}, and we denote by y_ the trivial vector bundle with fiber 
V over X U{E). Denote by F{V) the projective space of lines in V, and by p the natural 
projection 

p : F{V) X X {E+) X (^+). 

We have a tautological fine bundle H F{V) x x {E'^) defined as the pullback to F{V) x 
X (E^) of the tautological hne bundle over F{V). 

To any bundle morphism T : F — > £ we can associate in a canonical fashion a bundle 
morphism T : XL — > p*£. We regard T as a section of the bundle XL* (8> p*£. If T is a C^, 
subanalytic section such that the associated section T vanishes transversally, then the zero 
set Z{T) is a subanalytic manifold equipped with a natural orientation and defines a 
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subanalytic current [Z(T)]. Moreover (see |20l VI. 1]), the subanalytic current p^[Z{T)] is 
Poincare dual to Cu{8,). We will produce a C^, subanalytic bundle morphism T satisfying the 
above transversality condition, and satisfying the additional equality of currents 

7r,pJZ(f)] = [X,(-l),or,]. 

To construct such a morphism T we first choose a polynomial ?] G R[^] satisfying the following 
conditions 

7]'{9) > 0, V0 G [-tt,tt], 
r?(-7r)=0, r?(7r) = l, r?(0) = ^, 

r/'(0) = ^, r?'(±7r) = r?"(±7r) = 0. 

Note that a bundle morphism T : y ^ £ is uniquely determined by the sections Tej, 
I' < j < n, £.. Now define a vector bundle morphism 

7:V X { [-TT, it] X U{E^) ) — x ( [-vr, tt] x U{E^) ) 

given by 

V X ( [-vr, tt] X U{E+) ) 3 {v; 6, S) ^ {S{9)v; 9,S)€E+ x { [-vr, tt] x U{E+) ) , 

where 

S{9) = 1 + ri{9){S - 1) = ( 1 - ri{9) ) 1 + r]{9)S. 

Observe that S'(— vr) is the inclusion of V in E, while S'(7r) = S. Thus, for every v the 
map 

: [-7r,7r] x U{E+) E+, ^^(^,5) = S{9)v 

satisfies 

^^iTT,S) = S^^i-7r,S), 

and defines a C^- semialgebraic section of £. Hence T determines a C^-semialgebraic bundle 
morphism T : y — > £. 

Now let (£, 6*, S) e F{V) x x U{E+) which in the zero set of f. This means that 
restriction of Sg to the line £ C V is trivial, i.e., 

£ CkeT{{l-r]{9))l + r]{9)S). 

Clearly when = 0, 1 this is not possible. Hence rj(9) 7^ 0, 1 and thus must be 

an eigenvalue of the unitary operator S. Since r]{9) £ (0,1), and the eigenvalues of S are 
complex numbers of norm 1, we deduce that ——fj^gy- can be an eigenvalue of S if and only if 

~^~fjl^ = —1, so that r]{9) = i. From the properties of rj we conclude that this happens if 
and only if = 0. Thus 

Z{f) = {{£,9,S) er{V) X xU{E+y, 9 = 0, ^Cker(l + 5)}. 
Lemma 6.2. The section T constructed above vanishes transver sally. 

Proof. Let (£0,0,5*0) G Z{T). Fix Do G F spanning £q. Then we can identify an open 
neighborhood of £q in P(y) with an open neighborhood of in the hyperplane £q H V: to 
any u ^ £q r\V associate the line £u spanned by t^o + u. We obtain in this fashion a map 

{£-tr\V) X (-7r,7r) X U{E+) B iu,9,S) ^ (l + r]{9){S - l))ivo + u) G E+ , (6.1) 
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and we have to prove that the point (0,0, /So) G (Iq (IV) x (— 7r,7r) x U{E'^) is a regular 
point of this map. 

Choose a smooth path (— e, e) 3 t ^ {ut, 6t, St) G (iQ CiV ) x (— tt, n) x U {E~^) such that 

wo = 0, ^0 = 0, St=o = So. 

We set d d d 

u '■= ^|t=o'"'t, 9 := —\t=odt, So := — |j=o5't 

and 

X := = SqSo, i.e., S'o = S'o^. 

Observe that X is a skew-hermitian operator — > , and we can identify the tangent 
space to £q DV X (— tt, it) x U {E'^) at (0, 0, S'o) with the space of vectors 

{u,e,X) Gi^nV xRx uiE+). 

Then 

^|t=oi^K,^t,5t) = ^{l + S)uo + v'{0)eo{So - l){vo)+ri{0)SoVo 

i-lvo = Sovo, 77' (0) = i) 

1 1-1 1 1 • 

= + '^o)ito + 2^0-50^0 + ^SoXvo = -(1 + So)uo + ^So{eol + X)vo. 

The surjectivity of the differential of F at (0, 0, S'o) follows from the fact that the M-linear 
map 

M X u{E+) B {00, X) 1 — > {eo + X)voe E+ 
is surjective for any nonzero vector vq G E~^. □ 

The above lemma proves that Z{f) is a submanifold of F{V) X S^ X U{E~^). It carries 
a natural orientation which we will describe a bit later. It thus defines a subanalytic current 
[2;(r)]. Observe that 

Z{f) C F{V) X = 0} X U{E+) C P(y) X S^ X U{E+). 

The current p^[Z{T)] is the integration current defined by Z{T) regarded as submanifold of 
¥{V) X U{E^). As such, it has the description 

Z{f ) = { {I, S) G nV) X U{E)- (1 + S)|, = }. 

We set 

Z(r)* := {(£,5) G Z(f); £ = ker(l + 5), e^^l^}. 
Note that the projection 

TT := P(y) X U{E-^) U{E), {£, S) ^ S, 

maps Z{T) surjectively onto Xi,{—1). Moreover, Z{T)* is the preimage under tt of the top 
stratum 'W~(— 1) of Xi,{—1), 

Z(r)* = 7r-i(w;(-i)), 

and the restriction of tt to Z{T*) is a bijcction with inverse 

W-{-l) 3S^ (ker(l + S), S) G Z{fy. 
Lemma 6.3. The map tt : Z{T)* — is a diffeomorphism. 
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Proof. It suffices to show tliat the differential of vr is everywhere injective. Let i^o = (^Oj •S'o) £ 
Z{T)*. Suppose io = spanl^o}. We have to prove that if 

{-e,e) B (it, St) e 

a is a smooth path Z{T)* passing through aX t = and := Jj|t=o = 0, then ^\t=o£t = 0. 
We write £t = span{t;o + tij}, where t ^ Ut £q nV is a C^-path such that uq = 0. Then 

St{vo + ut) = -Vq- Ut, Vt, 

and differentiating with respect to t at t = we get 

-Uq = Soilo + So{vq) = SqUq. 

Hence 110 G ker(l + 5*0) . We conclude that uq = because ker(l + S) is the line spanned by 
Vq, and -L vq. □ 

Lemma 16.31 implies that we have an equality of currents 

7r,pJZ(r)]=±[X,(-l)]. 

To eliminate the sign ambiguity we need to understand the orientation of Z(T). 

We begin by describing the conormal orientation of Z{T) at a special point ^0 = (^07 0, 5o), 
where 

io = span^{ei,}, and 5oej = 

Observe that Sq is self adjoint and belongs to the top dimensional stratum 'W~(— 1) of 'Xy{—1). 
Denote by F_ the differential at ^0 of the map F described in ()6.ip . 

The fiber at ^0 of the conormal bundle to Z{T) is the image of the real adjoint of F_, 

F} : T^E+ ( F{V) x x U{E+) ) . 

Since F is surjective, its real dual F} is injective. The fiber at ^0 of the conormal bundle is 
the image of Ft, and we have an orientation on this fiber induced via F} by the canonical 
orientation of as a complex vector space. 

The canonical orientation of the real cotangent space TqE^ is described by the top degree 
exterior monomial 

A ••• Aq" A/3", 
where a'^,/?*^ G HomK(F+,M) are defined by 

a^{x) ='Re{x,ek), P^'ix) = Im{x,ek), Va; G F+, k = l,...,n. 

For every uq G V, uq J- e^, 6q £R. and iZ £ u(-E'+) we have 

F^a''{uo,eo,iZ) = -Re{F{uo,eo,iZ) , Bk) 

= ^Re((l + 5o)uo,efc) +^'Re{So{eo + iZ)e^,ek) 

= ^Re(uo,(l + 5o)efe) + ^KedOo + iZ)e^, SoBk) . 

Ft/?^(Mo, ^0, iZ) = ^ Im( uo, (1 + So)ek ) + ^ Im( (^0 + iZ)e^, S^ek ) 

To simplify the final result observe that the restrictions to (.q r\V of the M-linear functions 
Q^,f3^, k > V determine a basis of Hom(^^ n which we will continue by the same 

symbols. We denote by dt the tautological linear map TqM M. 
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Recall (see Example I5.4p that the real dual of u{E^) admits a natural basis given by the 
M-linear forms 

e^{Z) = {Zej,ej), 0'^{Z) = Ke{Zej,ei), ip'^ = Im(Zej,ei), i<je I+, iZ G u{E+). 
Observe that 

For every uq ^ r\ V, Oq G ToM, iZ £ u{E^) we have 

20^^(140) k > u 



Re('Uo,(l + So)efc) 
Im(no, (1 + 50)6^) 



k<v, 

'2/?'=(iio) k>u 
k<v, 



Re( (^0 + iZ)ey, SoSk ) = 5„kdt{9o) 



k = iy 

(p'"'{Z) k^u, 



Im{{eo + iZ)e,y,Soek) 



e^'iZ) k = v 
9'"'{Z) k / I/, 



We deduce the following. 

• If k < I' then 

• If k = ly then 

• If j > v then 

Thus, the conormal space of Z{T) ^ ¥(V) x x U{E) at ^0 has an orientation given by the 
oriented basis 

. . . , dt, de\ a^^+i+lc^'^.'^+i, . . . , a"+^(/7'''", z^^+^r-" 

which is equivalent with the orientation given by the oriented basis 
We will represent this oriented basis by the exterior polynomial 

^norm ^ A^^^T^, ( P(y) X 5^ X U{E+)), 

^norm ;= A A dt A dO^ A /\ {o^ + ^(/P^^^) A + ^0"^) 

k<u j=v+l 

The zero set 2.(T) is a smooth manifold of dimension 

dimMZ(f) = dimM(P(y) x 5^ x U{E+)) -dimK^+ 
= (2n -2v) + l + n^ -2n = - {2v - I) = - w{v). 
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The orientation of T^q(^¥(V) x x U{E^) ) is described by the exterior monomial 

n n 

n = dtA(^ /\ A A (/\ 0*) A (/\ 9^' A if^' 

j=u-\-l i=l j<i 



The orientation of T^o^T) is given by any u G A^'-^^'^^TI^ {¥{V) x x U{E+) ) such that 
We can take u to be 

u = ut^,r-={-iT'^o^ ^■■■e''-^ AO^^^ A--- AO" /\ e^^A^^^ (6.2) 

If we now think of Z{f) as an oriented submanifold of F{V) x U{E) C P(y) x x U{E+), 
we see that its conormal bundle has a natural orientation given by the exterior form 

^norm ^ ^ gku ^ ^ku^ A A ( /\ {a^ + ^if''^) A {p^ + h"^)^ . 

k<u j=u+l 

The discussion in Example 15.41 shows that the tangent space Tsg'W'i—l) C TsqU{E^) is 
also oriented by cjtan- This proves that the differential Div : T(£,j 5(j)2.(T) TsqW^ (—1) is 
orientation preserving. This concludes the proof of the Theorem 16.11 □ 

Remark 6.4. (a) The proof of Theorem 16.11 shows that WG h.a,v6 resolution X/^ — > of X^ , 
where 

% = {{i, s) G p(K) X uiE+y, (1 -s)u=o}, 

and TT is induced by the natural projection P(Fjy) x?7(ii^) -^U{E^). Here V",/ := spanj^{e,y, . . . , e„ | . 
We call the map vr a resolution, because it is semi-algebraic, proper, and it is a diffeomor- 
phism over the top dimensional stratum Wj7 of "X^. The map vr is also a Bott-Samelson cycle 
(see [21 |3T] for a definition) for the Morse function 

and its critical point Sy G U{E^) given by 



e.y k = V 



All the AS- varieties X/ admit such Bott-Samelson resolutions (see [Slj), p/ : X/ X/, and 
it is essentially trough these resolutions that the cycles oti were defined by Vasiliev [35j . 

(b) We have a natural group morphism 

7r2„-i(^(n))^Z, (52"-i^Z)^/ r«t = /.[^^"-i] . «„. 

Using Bott divisibility theorem, [3], |2H Thm. 24.5.2] and the Theorem 16.11 we deduce that 
this is an injective morphism whose range is the subgroup (n — 1)!Z C Z. 

(c) The rank n complex vector bundle £ ^ 5^ x Uin) has an interesting homotopic theoretic 
significance. Its classifying map F : x U (n) BU (n) can be viewed by adjunction as 
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a map -Fi : U{n) — > Map {S^ , BU (n)) . The space Map {S^ , BU (n)) is the total space of a 
fibration 

nBU{n) ^ Map {S^,BU{n)) BU{n). 

The fiber of this fibration is homotopic to U{n). The map Fi will sent U{n) to a fiber of this 
fibration, and will be a homotopy equivalence U{n) QBU{n). To understand this map we 
use the adjunction 

Map {U{n),nBU{n)) ^ Map (EG, BU{n)) 

so the map Fi corresponds to a map F2 : T,G BU{n) which classifies a rank n complex 
vector bundle £2 over the suspension Sf7(n). This bundle is obtained via the clutching 
construction, where the clutching over the "Equator" U{n) ^ SC/(n) is given by the identity 
map U{n) — > U{n). Equivalently, the map T,U{n) — > BU{n) is a special case of the inclusion 
(see [34J) SG ^ BG for any compact Lie group. 

Finally, we want to point out that, when n = 1, £ is the degree 1 line bundle over the 
torus X U{1). □ 

7. The Morse-Floer complex and intersection theory 

It is well known that the integral cohomology ring of U{n) is an exterior algebra freely 
generated by elements Xi E H'^^~^ [U (n) , Z) , i = 1, . . . ,n. The transgression formula implies 
that as generators Xi of this ring we can take the AS cocycles at. In this section we would 
like to prove this by direct geometric considerations, and then investigate the cup product of 
two arbitrary AS cocycles. 

Proposition 7.1. The AS-cycles aj, I C 1^, form a Z-basis of H,[Lagii{E) 

Proof. We will use a Morse theoretic approach. Consider again the Morse flow = e*"^ on 
Lagh(^). 

Lemma 7.2. The flow ^* is a Morse-Stokes flow, i.e., the following hold. 

(a) The flow is a finite volume flow, i.e., the (n^ + 1)- dimensional manifold 

{ (t,^'i/*(L),L); t£{0,l], LGLagh(^)} C (0,1] xLagh(^) xLagh(S), 

has finite volume. 

(h) The stable and unstable manifold Wf^ have finite volume. 

(c) If there exists a tunnelling from A/ to A j then dim WJ < dim Wf . 

Proof. From Theorem IA.6I we deduce that ^* is a tame flow. Proposition IA.5I now implies 
that the flow satisfies (a) and (b). Property (c) follows from Propositiob 14.61 □ 

As in Harvey-Lawson |19j . we consider the subcomplex C(^*) of the complex C, ( Lagh(-E) ) 
of subanalytic chains generated by the analytic chains [14/^^, or/], and their boundaries. Ac- 
cording to [19^ Thm. 4.1], the inclusion 

c.{¥) ^ e. 

induces an isomorphism in homology. 

Proposition 15.51 implies that the complex C,(^'*) is perfect. Hence the AS cycles, which 
form an integral basis of the complex C,(^'*), also form an integral basis of the integral 
homology of Lagh(i5'). □ 
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Remark 7.3. (a) The complex C,(^'*) is isomorphic to the Morse-Floer complex of the flow 
^>*, [ig §2.5]. □ 

Using the Poincare duality on U{E~^) we obtain intersection products 

For every pair of nonempty, disjoint subsets /, J C such that 

I = {ii < ■■■ <ip}, J = {ji <■■■ < jq}, 
we define e(/, J) = ±1 to be the signature of the permutation (ii, . . . , Zp; ji, . . . , jq) of / U J. 
Proposition 7.4. Let /, J C such that w{I) + w{J) = if (1+) = n^. then 



aj • aj 



in J/ 

e{I, J) 1 = 



Proof. Fix unitary basis {ei, . . . , e„} of E^, and consider the symmetric operator Aq : E^ 
E+ given by 

2i - 1 
^oej = — ^ — fij- 

We form as usual the associated symmetric operator Aq : E ^ E, and the positive gradient 
flow 6*"^° on Lagh(-E') associated to the Morse function 

(^0 : Lagh(^) ^ M, L ^ Retr(lo^'L). 
For every critical point Ak of ipo we have 

dimW"^ = w{K) = M^k) + y- 

For every M C we denote by the stable manifold at A^. 
Let w{I) +w{J) = If (I^). Using the equality 

= jwy 

we deduce that Wj^ is also an AS cell of type J, so that that we can represent the homology 
class aj by the subanalytic cycle given as the integration over the stable manifold W^c 
equipped with the orientation induced by the diffeomorphism J : WJ — > Wfc- We denote 
by Xjc its closure. 

We have ipQ{h.j<:) = —ipQ^Kj), and the equality w{I) + w{J) = v? translates into the 
equality 

ipo{kjc) = (po{Ai) =: K. 

Observe that, 

\ {Ajc} c {ifo > k}, 1J \ {A/} c {^30 < k}- 

This shows that ii I'^ ^ J and w{I^) = 'w{J) the supports of the subanalytic currents [Xjc] 
and [Xj ] are disjoint, so that, in this case, 

aj • aj = 0. 

When J = we see that the supports of the above subanalytic cycles intersect only at 
Aj. In fact, only the top dimensional strata of their supports intersect, and they do so 
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transversally. Hence the intersection of the analytic cycles [Xjc] and [X^^] is well defined, and 
from Proposition IB.4I we deduce 

where [A/] denotes the Dirac dimensional current supported at A/. The fact that the correct 

choice of signs is e(/, I^) follows from our orientation conventions. □ 

From the above result we deduce that for every cycle c G Hk{U{n),'L) we have a decom- 
position 

c= <I,nic»ai.)ai. (7.1) 

w{I)=k 

Theorem 7.5 (Odd Schubert calculus). If I = {ik < • • • < ii} C then 

OLi = • ■ ■ ■ • cti^, (7.2) 

or equivalently, 

"l = alA---A4, (7.3) 



Proof. Let us first describe our strategy. Fix a unitary basis e of E^, an injection p : I ^ 
\ {±1}, i ^ Pi and we consider the AS varieties Xi{pi) = "Xilpije), i £ I, defined in (jS.ip . 
We denote by [Xj(/9i)] the associated subanalytic cycles. We will prove the following facts. 

A. The varieties X,^ intersect quasi-transversally, i.e., for any subset J C / we have 

codim Pi Xj(pj) > w{J). 

B. There exists a continuous semialgebraic map H : U{E^) U{E^), semialgebraically 
homotopic to the identity such that 

H(f|X,(/5,)) CX, = X7(1). 

C. The intersection current [Xj^. (/Oj^.)] • ••• • [Xj^(/9ij)] • [X/c(l)] is a well defined zero 
dimensional subanalytic current consisting of a single point with multiplicity e(/, I^). 

We claim that the above facts imply (j7.2p . To see this, note first that A implies that, 
according to [16j (see also Appendix [B]) , we can form the intersection current 

V = [Xi,(/3iJ] • ••• • [Xii(/9ii)]. 

The current is a subanalytic current whose homology class is Qj^, • • • • • CKj^ , and its support 
is 

supp(r?) = (^P|Xi(pi)). 

iei 

The pushforward H*(ry) is also a subanalytic current and it represents the same homology 
class since H is homotopic to the identity. Moreover, property B shows that 

suppH*(r?) C X/(l). 

Consider again the dual AS varieties Xj, w{J) = w{I). In the proof of Proposition 17.41 we 
have seen that 

n X+ = 0, if J / /. 
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Hence, the equality ()7.ip implies that there exists an integer k = k{I) such that 

OLi^^ • ■ ■ ■ • Q.i^ = kjoci, 

where 

kj = e{I,I''){ai^ • • • • • ) • ajc. 
The equality kj = 1 now follows from C. 

Proof of A. Since the set of unitary operators with simple eigenvalues is open and dense, 
we deduce that the set 

contains a dense open subset Oj consisting of operators S such that 

dime ker(/9j — S) = 1, yj £ J. 

For G 1+ we set F^, := spanjcj, i < u}. 

Observe that if G Oj, then for every j G J we have ker{pj — S) C Fj-^^. Suppose that 
J = {jm < • • • < ji}, and define 

: J ^ nFfj X • • • F(Fj-^_i), S ^ ( ker(p,„ - 5), ... , ker(p,, - 5) ) . 

The image of ^ is 

H'^j) = {{im,...,h)&nFfj>^---nFi-i); h^h', ^i^i']. 

The resulting map Oj — > $(0 j) is a fibration with fiber over {£rn^ • • • ; ^i) diffeomorphic to 
the manifold 3^ consisting of the unitary operators on the subspace {£m © • • • © ^i)^ C 
which do not have the numbers pj, j G J, in their spectra. The manifold 3' is open in this 
group of unitary operators. Now observe that 

dimR $(0j) = 2(n - jm) + 2(n - 1 - j^-i) + • • • + 2(n - (m - 1) - ji) 
= 2nm — in(m — 1) — 2 j. 

The fiber has dimension (n — m)^ so that 

dimjR Oj = (n — m)^ + 2nm — m(m — 1) — 2 j = — ^^(2j — 1). 

Hence 

codim^j = codimOj = w{J). 
Proof of B. In the proof we will need the following technical result. 

Lemma 7.6. There exists a C"^ -semialgebraic map ^ : ^ semialgebraically homotopic 
to the identity such that 

Proof. We write pi = e**% ti G (— 7r,7r) ,and we consider a C^-semialgebraic map 

/ : [-vr,7r] [-tt,tt] 
satisfying the following conditions (see Figure [H where k = #1 ) 

• /(±7r) = ±TT. 

• f-\0) = {t,; i G /}. 
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fi h 





k=2 k=3 
Figure 1. Constructing degree 1 self maps of the circle. 

Now define ^ : ^ hy setting 

^(e^*) =e^^W, t G [-^,7r]. 
We have a semialgebraic homotopy between ^ and the identity map given by 



,i((l-s)/(t)+st) 



s £ [0,1], t e [-7r,7r]. 



□ 



Using the map ^ in Lemma 17.61 we define 

S : C/(^+) ^ [/(^+), S^E{S). 

The map H is semialgebraic because its graph r= C U{E^) x U{E^) can be given the 
description 

rs = { {S, S'); 3A G C/(^+), ASA* = Diag(Ai, . . . , A„), AS' A* = Diag(e(Ai), . . . , e(A„) ) }. 

The continuity of H is classical; see [10\ Theorem X.7.2]. 

If we consider the set 0/ defined in the proof of A then we notice that 

H(0,) cW7(e,l) 

and thus 

H(f|Xi(pi)) = E{cliOi)) C cliWjil)) = Xi{l). 

iei 

This proves B. 

Proof of C. For z/ G and p ^ —1 we set 

*W-{p) := {S dimcker(p-5) = 1, ker(l + 5) = } 

Note that *W~{p) is an open and dense subset of W~{p). We first want to produce a natural 
trivializing frame of the conormal bundle of *W~{p). Set A := 



The Cayley transform 



S ^ - S){1 + S)-^ 

maps *'W~(p) onto the subset 3?* of the space of Hermitian operators A : — > E^ such 
that 

• dimker(A — ^) = 1. 

• Bj _L ker(A - A), Vj < v. 

• {e^,u) / 0, Vn G ker(A - A), 0. 

Note that for any A £ Jl* there exists a unique vector u = ua G ker(A — A) such that 
{u,e^) = 1. For ^ G 3?* we denote by (A - the unique Hermitian operator E~^ — > E~^ 

such that 

{X - A)^-^^UA = 0, (A-^)[-^l(A-^)^; = ^, ^v^ua- 
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If {—£,£) B t At £ Oil is a, smooth path, and Uf := UAt, then differentiating the equahty 
AfUt = Xuf at t = we deduce 

AqUo = (A - Ao)uo- 
Taking the inner product with wq we deduce 

{AoUo,Uo) = 0. 

We write uq = cuq + vq, where {vo,uo) = {vq, ej) = 0, Vj < u. We deduce 

vo = {X-Ao)^~^^AoUo, 

so that 

(io-uo, (A - Ao)^-^^ej ) = (^;o, ej) = 0, Vj < 
This shows that the fiber at Aq of the conormal bundle of 3i* contains the M-Hnear forms 

Ao^U^iAo) =u''a^{Ao) = (io'"o,'"o), 
io ^ u^'iAo) = n^X(^) = Re(ioito, (A - Ao)^~'^ej), 
Ao ^ v^'iAo) = <(io) = Im(io«o, (A - Ao)[^ile,- ). 
Since the vectors ej, j < v he in the orthogonal complement of ker(A — Aq) we deduce that 
the vectors (A — AQ)^~^^ej, j < v are linearly independent over C. A dimension count now 
implies that the above linear forms form a basis of the fiber at Aq of the conormal bundle of 
31*. Since the forms u^, w^^, v''^ depend smoothly on ^ G 31*, we deduce that they define a 
smooth frame of the conormal bundle. Moreover, the canonical orientation of 3i* is given by 

j<u 

In particular, we deduce that if 5 G *'W^{p) is a unitary operator such that the vectors ej 
are eigenvectors of S then the canonical orientation of the fiber of S of the conormal bundle 
of *W~ (p) is given by 

A /\ e^" A if^'' 

j<u 

where, for any S E TsU{E^) we have 

e^^iS = R.e{-iS-^Se^,ej), 

^"{S) = Im{-iS-^Se^,ej). 

We deduce that if p : / — > 5^ \ {±1} is an injective map then the manifolds *W^(pj), i £ I 
intersect transversally. 

Now observe that the manifolds *'W^(pi), i £ I, and (1) intersect at a unique point 
So G U{E+), where 

'pjBj j £l 
^Bj j e F. 

The computations in Example 15.41 show that this intersection is transversal, and moreover, 
at Sq we have 

ori A • • • A or,^ A orf. = e(I, r)or ( r|^C/(^+) ) 
The equality kj = 1 now follows by invoking Proposition IB.4[ □ 
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Remark 7.7. Observe that on the cohection of subsets of we have two partial order rela- 
tions. 

K <M ^ JWj^, n Wm / ^ C cI{Wm). 

and 

K Z) M cxk<^ • OLM / 0. 
Note that K D M =^ K -< M, but the converse is not true. Following the analogy with the 
complex Grassmannian, we could refer to the partial order -< as the Bruhat order on the set 
of parts of . It would be very interesting to investigate the combinatorial properties of the 
poset (I^, ^). What is its Mobius function? Is this a Cohen-Macaulay poset? 

These combinatorial questions are special cases of a the more general problem concern- 
ing the nature of the singularities of the AS varieties. We believe that a good geometric 
understanding of these singularities could lead to a more refined information concerning the 
homotopy type of Lagh/i(-E'). In particular, we believe that from the structure of the singular- 
ities we can extract enough information about the Steenrod squares to be able to distinguish 
Lagh(-E) from the product of odd dimensional spheres which has the same cohomology ring.D 

Appendix A. Tame geometry 

Since the subject of tame geometry is not very familiar to many geometers we devote this 
section to a brief introduction to this topic. Unavoidably, we will have to omit many inter- 
esting details and contributions, but we refer to [01 [71 [5] for more systematic presentations. 
For every set X we will denote by 7{X) the collection of all subsets of X 

An M.-structur^ is a collection S = | S" C !P(M"), with the following properties. 

Ei: 8" contains all the real algebraic subvarieties of M", i.e., the zero sets of finite 

collections of polynomial in n real variables. 
E2: For every linear map L : M" M, the half-plane {x G M"; L{x) > 0} belongs to 

S". 

Pi: For every n > 1, the family S" is closed under boolean operations, U, H and 

complement. 
P2: If A G S™, and B £ S", then Ax B £ S™+". 
P3: If A G S™, and T : M"^ ^ is an affine map, then T{A) G S". 

Example A.l (Semialgebraic sets). Denote by §aig the collection of real semialgebraic sets. 
Thus, A G S'^ig if and only if ^4 is a finite union of sets, each of which is described by 
finitely many polynomial equalities and inequalities. The celebrated Tarski-Seidenberg theo- 
rem states that §aig is a structure. □ 

Given a structure S, then an ^-definable set is a set that belongs to one of the §""-8. If A, B 
are S-definable, then a function f : A ^ B is called §- definable if its graph 

Tf:={{a,b)eAxB; b = f{a)} 

is §-definable. The reason these sets are called definable has to do with mathematical logic. 

Given an M-structure S, and a collection A = {An)n>i, An C IP(M"'), we can form a new 
structure 8(^1), which is the smallest structure containing S and the sets in An- We say that 
§>{A) is obtained from S by adjoining the collection A. 

■^This is a highly condensed and special version of the traditional definition of structure. The model theoretic 
definition allows for ordered fields, other than R, such as extensions of R by "infinitesimals". This can come 
in handy even if one is interested only in the field R. 
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Definition A. 2. An M-structure is called o-minimal (order minimal) or tame if it satisfies 
the property 

T: Any set ^ G S"*^ is a finite union of open intervals (a, 6), — oo < a < b < oo, and 
singletons {r}. □ 

Example A. 3. (a) The collection §aig of real semialgebraic sets is a tame structure. 
(b)(Gabrielov-Hironaka-Hardt) A restricted real analytic function is a function / : — > M 
with the property that there exists a real analytic function / defined in an open neighborhood 
U of the cube C„ := [—1, 1]" such that 



fix) 



j fix) xeCn 

\0 X G M" \ Cn- 

we denote by San the structure obtained from §aig by adjoining the graphs of all the restricted 
real analytic functions. Then §an is a tame structure, and the Sa„-definable sets are called 
globally subanalytic sets. 

(c) (Wilkie, van den Dries, Macintyre, Marker) The structure obtained by adjoining to San 
the graph of the exponential function R ^ M, 1 1-^ e*, is a tame structure. 

(d) (Khovanski-Speissegger) There exists a tame structure San with the following properties 

(di) San C '-'an 

(^2) li U C M" is open, connected and San-definable, Fi, . . . ,F„ : U x R — > M are San- 
definable and C^, and f : U ^ R is a function satisfying 
df 

-^ = F,(x,/(x)), VxGR,, z = l,...,n, (A.l) 

OXi 

then / is San-definable, 
(ds) The structure San is the minimal structure satisfying (di) and (^2). 

The structure San is called the pfaffian closur^ of San- 

Observe that if / : (a, 6) — > R is C^, San-definable, and xq G (a, b) then the antiderivative 
F ■.{a,b) 

Fix) = / fit)dt, X G ia,b), 
Jxo 

is also San-definable. □ 

The definable sets and function of a tame structure have rather remarkable tame behavior 
which prohibits many pathologies. It is perhaps instructive to give an example of function 
which is not definable in any tame structure. For example, the function x 1-^ sinx is not 
definable in a tame structure because the intersection of its graph with the horizontal axis is 
the countable set vrZ which violates the o-minimality condition O. 

We will list below some of the nice properties of the sets and function definable in a tame 
structure S. Their proofs can be found in [6l[7]. 

• {Curve selection.) If A is an S-definable set, and x G cl{A) \ A, then there exists an S 
definable continuous map 

7: (0,1)^ A 

such that X = limt^o7(*)- 



^Our definition of pfaffian closure is more restrictive than the original one in |22l I33j , but it suffices for the 
geometrical applications we have in mind. 
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• {Closed graph theorem.) Suppose X is a tame set and f : X ^ M" is a tame bounded 
function. Then / is continuous if and only if its graph is closed in X x M". 

• (Piecewise smoothness of tame functions.) Suppose A is an S-definable set, p is a positive 
integer, and / : j4 ^ M is a definable function. Then A can be partitioned into finitely many 
S definable sets Si, . . . , S^, such that each Si is a C^-manifold, and each of the restrictions 
f\Si is a C^-function. 

• (Triangulability.) For every compact definable set A, and any finite collection of definable 
subsets {Si, . . . , Sk}, there exists a compact simplicial complex K, and a definable homeo- 
morphism 

<l> -.{Kl^A 

such that all the sets ^^^{Si) are unions of relative interiors of faces of K. 

• (Dimension.) The dimension of an S-definable set A C is the supremum over all the 
nonnegative integers d such that there exists a submanifold of of dimension d contained 
in A. Then dim^d < oo, and 

dim(cZ(A) \A)< dim A. 

• {Crofton formula, [5], [Ml Thm. 2.10.15, 3.2.26].) Suppose E is an Euclidean space, and 
denote by GrafF'^(£') the Grassmannian of affine subspaces of codimension k in E. Fix an 
invariant measure fi on Graff'^(i?)0 Denote by "K^ the A;-dimensional Hausdorff measure. 
Then there exists a constant C > 0, depending only on //, such that for every compact, 
A:-dimensional tame subset S C E we have 

J{''{S) = C [ x{LnS)dfi{L). 

J Graff'' {E) 

• (Finite volume.) Any compact fc-dimensional tame set has finite fe-dimensional Hausdorff 
measure. 

□ 

In the remainder of this section, by a tame set we will understand a San-definable set. 

Definition A. 4. A tame fiow on a tame set X is a topological fiow $ : M x X ^ X, 
(t, x) ^tix), such that the map <I> is San-definable. □ 

We list below a few properties of tame fiows. For proofs we refer to |30j . 

Proposition A. 5. Suppose ^ is a tame flow on a compact tame set X. Then the following 
hold. 

(a) The flow ^ is a finite volume flow in the sense of |19j . 

(b ) For every x G X the limits \\m.t^±aa $i [x) exist and are stationary points of <1> . We 
denote them by ^±oo{x). 

(c) The maps x ^ ^±oo{x) are definable. 

(d) For any stationary point y of ^, the unstable variety W~ = ^Z^{y) is a definable 
subset of X. In particular, if k = diml^~, then W~ has finite k-th dimensional Hausdorff 
measure. □ 

Theorem A. 6 (Theorem 4.3, [30]). Suppose M is a compact, connected, real analytic, Tri- 
dimensional manifold, / : M — > M zs a real analytic Morse function, and g is a real analytic 



The measure fi is unique up to a multiplicative constant. 
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metric on M such that in the neighborhood of each critical point p there exists real analytic 
coordinates {x^)i<i<m o-nd nonzero real numbers {\i)i<i<m such that, 

m 

V^/ = ^ \id.-,r , near p. 

i=l 

Then the flow generated by the gradient V^/ is a tame flow. □ 



Appendix B. Subanalytic currents 

In this appendix we gather without proofs a few facts about the subanalytic currents 
introduced by R. Hardt in [18]. Our terminology concerning currents closely follows that 
of Federer [14j (see also the more accessible |26)). However, we changed some notations to 
better resemble notations used in algebraic topology. 

Suppose X is a C^, oriented Riemann manifold of dimension n. We denote by Q.k{X) the 
space of A:-dimensional currents in X, i.e., the topological dual space of the space O^pj(X) of 
smooth, compactly supported fc-forms on M. We will denote by 

the natural pairing. The boundary of a current T G ilfe(X) is the {k — l)-current defined via 
the Stokes formula 

{a,dT) := (da,T), Va e ^l^t^iX). 
For every a E ^.^{M), T e QmiX), k < m define a n T e fi„_fc(X) by 

(/3,anr) = (aA/3,r), ypen:-r+'{x). 

We have 

(/?, d{a n T)) = ( dp, {a n T), ) = (a A d/3, T) 
= {-lf{d{a A(3)-daAP,T) = andT) + (-l)'=+^(/3, da D T) 

which yields the homotopy formula 

d{anT) = (-i)^°s"(an9r-(da)nr). (B.l) 

We say that a set S C M" is locally subanalytic if for any p £ we can find an open ball 
B centered at p such that B D S is globally subanalytic. 

Remark B.l. There is a rather subtle distinction between globally subanalytic and locally 
subanalytic sets. For example, the graph of the function y = sin(a;) is a locally subanalytic 
subset of M^, but it is not a globally subanalytic set. Note that a compact, locally subanalytic 
set is globally subanalytic. □ 

If S C M" is an orientable, locally subanalytic, submanifold of M" of dimension k, then 
any orientation org on S determines a A;-dimensional current [S, or^] via the equality 

{a,[S,ors]) :=^a, Va E ^^^^(M"). 

The integral in the right-hand side is well defined because any bounded, /c-dimensional glob- 
ally subanalytic set has finite /c-dimensional Hausdorff measure. For any open, locally sub- 
analytic subset [/ C we denote by [S, org] n C/ the current [S n U, ors]- 
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For any locally subanalytic subset X C M" we denote by Qk{X) the Abelian subgroup of 
Ofc(]R") generated by currents of the form [S,ors], as above, where cl(S) C X. The above 
operation [5, org] nU, U open subanalytic extends to a morphism of Abelian groups 

efc(x) 9 T ^ T n [/ G Qkix n u). 

We will refer to the elements of Cfc(X) as subanalytic (integral) k-chains in X. 
Given compact subanalytic sets A G X C we set 

Zfe(X,^) = {r G efc(M"); suppTcX, suppdT C A}, 

and 

^k{X,A) = {dT + S; TeZk+i{X,A)), S£Zk{A)}. 

We set 

:Kk{X,A) :=ZkiX,A)/^kiX,A). 
R. Hardt has proved in [17\ [T8] that the assignment 

{X,A}^J{,{X,A) 

satisfies the Eilenberg-Steenrod homology axioms with Z-coefhcients from which we conclude 
that 'K,{X,A) is naturally isomorphic with the integral homology of the pair. In fact, we 
can be much more precise. 

If X is a compact subanalytic we can form the chain complex 

• ••^e,(x)^e,_i(x)^... . 

whose homology is ;K,(X). 

If we choose a subanalytic triangulation ^ : \K\ X, and we linearly orient the vertex 
set V = V{K), then for any /c-simplex a C K we get a subanalytic map from the standard 
affine fe-simplex to X 

: Ak ^ X. 

This defines a current [a] = $J([Afe]) G Ck{X)- By linearity we obtain a morphism from the 
group of simplicial chains C,{K) to C,(X) which commutes with the respective boundary 
operators. In other words, we obtain a morphism of chain complexes 

C.{K) ^ e.{^\K\). 

The arguments in [12\ Chap. Ill] imply that this induces an isomorphism in homology. 

To describe the intersection theory of subanalytic chains we need to recall a fundamental 
result of R. Hardt, [HI Theorem 4.3]. Suppose Eq, Ei are two oriented real Euclidean spaces 
of dimensions no and respectively ni, / : E'o — > i^i is a real analytic map, and T G Qno~c{Eo) 
a subanalytic current of codimension c. If y is a regular value of /, then the fiber f~^{y) is 
a submanifold equipped with a natural coorientation and thus defines a subanalytic current 
[f~^{y)] in of codimension ni, i.e., [/^^(y)]] G C^o-di (-^o). We would like to define the 
intersection of T and [f~^{y)] as a subanalytic current T • [f~^{y)] G Qno-c-miEo). It turns 
out that this is possibly quite often, even in cases when y is not a regular value. 

Theorem B.2 (Slicing Theorem). Let Eq, Ei, T and f he as above, denote by dVi the 
Euclidean volume form on Ei, by the volume of the unit ball in Ei, and set 

Oif{T) := {y G Ei; codim(suppr)n/"^(y) > c+m, codim(supp ar)n/"^(y) > c+m + l }. 

For every e > and y ^ Ei we define T »£ f~^{y) G Q,no-c-ni{Eo) by 

{a,T., f-\y)) = ^— ( {rdVl)^a,Tr^{f~\B,{y))), Va G l^^^V'""^ (^o)- 
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Then for every y G 5lf{T), the currents f~^{y) converge weakly as e > Q to a subanalytic 
current T • f~^{y) G Qno-c-ni{Eo) called the /-slice ofT overy, i.e., 

{a,T. r\y) ) = -7^( ifdV,) A a, T n ( /-^(^.(y) ) ), Va G n^^r""' (^o)- 

Moreover, the map 

is continuous in the locally flat topology. □ 

We will refer to the points y G Jlf(T) as the quasi-regular values of f relative to T. 

Consider an oriented real analytic manifold M of dimension m, and G Cm-aiM), 
i = 0,1. We would like to define an intersection current Tq • Ti G Qm-co-ci{M). This will 
require some very mild transversality conditions. 

The slicing theorem describes this intersection current when Ti is the integration current 
defined by the fiber of a real analytic map. We want to reduce the general situation to this 
case. We will achieve this in two steps. 

• Reduction to the diagonal. 

• Localization. 

To understand the reduction to the diagonal let us observe that if Tq,Ti were homology 
classes then their intersection Tq • Ti satisfies the identity 

Mn . Ti) = (-i)-o(m-ci)(ro X Ti) • Am, 

where Am denotes the diagonal class in M x M, and j : M ^ M x M denotes the diagonal 
embedding. 

We use this fact to define the intersection current in the special case when M is an open 
subset of M™. In this case the diagonal Am is the fiber over of the difference map 

S-.MxM^R"", 6imo,mi) = mo-mi. 

If the currents Tq,Ti are quasi-transversal, i.e., 

codim(suppTo) H (suppTi) > cq + ci, (B.2a) 

codim( (suppTo n suppSTi) U (suppSTg H suppTi) ) > cq + ci + 1, (B.2b) 
then G is a Tq x Ti-quasiregular value of S so that the intersection 

(To X Ti) . r^O) = (To X Ti) . Am 

is well defined. 

The intersection current Tq • Ti is then the unique current in M such that 

If M is an arbitrary real analytic manifold and the subanalytic currents are quasi-transversal 
then we define Tq • Ti to be the unique subanalytic current such that for any open subset U 
of M real analytically diffeomorphic to an open ball in we have 

(To •Ti)nu= {To nu)* (Ti n u). 

One can prove that 

d{To •Ti) = {-iy°+''^{dTo) • m + To • (STi), (B.3) 
whenever the various pairs of chains in the above formula are quasi-transversal. 
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One of the key results in [17^ [T8] states that this intersection of quasi-transversal chains 
induces a well defined intersection pairing 

m—ci 

(M) Jfm-co-ci(M). 

These intersections pairings coincide with the intersection pairings defined via Poincare du- 
ality. This follows by combining two facts. 

• The subanalytic homology groups can be computed via a triagulation, as explained 
above. 

• The classical proo^ of the Poincare duality via triangulations (see \25\ Chap. 5]). 
For a submanifold 5 C M of dimension k we define the conormal bundle T^M to be the 

kernel of the natural bundle morphism 

i* : T*M\s T*S, 

where i : S ^ M is the inclusion map. A co-orientation of S is then an orientation of the 
conormal bundle. This induces an orientation on the cotangent bundle of S as follows. 

• Fix So G S, and a positively basis ftg = {e^, • • • , e^} of the fiber of T*SM over sq. 

• Extent the basis 69 to a positively oriented basis b = {e^, . . . , e"} of T*^M. 

• Orient r*^^ using the ordered basis {i*(e'^+^), . . . ,i*(e''")}. 

We see that a pair (S", or-*-) consisting of a C^, locally subanalytic submanifold S ^ M, 
and a co-orientation or^ defines a subanalytic chain [5, or-*-] G Cfc(M). Observe that 

supp 9[5,or^] c cl{S)\S. 

Thus, if dim( cl{S)\ S) < dimS - 1 then d[S, or^] = 0. 

Definition B.3. An elementary cycle of M is a co-oriented locally subanalytic submanifold 
iS,or^) such that d[S,or^] = 0. 

We say that two elementary cycles (5j,or^), i = 0,1 intersect quasi-transversally if the 
following hold. 

• The submanifolds Sq, Si intersect transversally. 

• cl{So) n cl{Si) = ci{So n Si). 

□ 



Observe that if two elementary cycles {Si,or^), i = 0,1, intersect transversally , then the 
associated subanalytic chains [Si, or;^] are quasi-transversal. The conormal bundle of SqCiSi 
is the direct sum of the restrictions of the conormal bundles of Sq and Si, 

T*Sons,M = {T*sJ4)\sons, © {T*s,M)\s,ns, 

There is natural induced co-orientation or^ A orj^ on 5*0 H Si given by the above ordered 
direct sum. 

Proposition B.4. Suppose {Si,orf), i = 0,1 are elementary cycles intersecting quasi- 
transversally. Then 

[Sq, or^] • [Si,ori] = [Sq n Si,or^ A or^]. 



I cannot help but remark that it is hard to find a book written during the past three decades which 
presents a complete proof of the Poincare duality the "old fashion way" , via triangulations and their dual cell 
decompositions. 
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Proof. From ()B.3P we deduce that 

d[So,or^].[Si,ori] = 0. 

On the other hand, 

supp[5o, org ] • [Si,ori] c cl{So) n cl{Si) = cl{So nSi). 

Thus, to find the intersection current [5*0, or^] • [Si, orj^] it suffices to test it with differential 
forms a € fi'^o+^i (M) such that 

suppa n ci{So) n ci{Si) c ^0 n ^i. 

Via local coordinates this reduces the problem to the special case when 5o, Si are co-oriented 
subspaces of M" intersecting transversally in which case the result follows by direct compu- 
tation from the definition. We leave the details to the reader. □ 
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